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Abstract

Let p be a prime number. In the present paper, we discuss the relative/absolute version of the
geometrically pro-p anabelian Grothendieck Conjecture (RpGC/ApGC). In the relative setting, we
prove RpGC for hyperbolic curves of genus 0 over subfields of mixed characteristic valuation fields
of rank 1 of residue characteristic p whose value groups have no nontrivial p-divisible element. In
particular, one may take the completion of arbitrary tame extension of a mixed characteristic Henselian
discrete valuation field of residue characteristic p as a base field. In light of the condition on base fields,
this result may be regarded as a partial generalization of S. Mochizuki’s classical anabelian result, i.e.,
RpGC for arbitrary hyperbolic curves over subfields of finitely generated fields of the completion of the
maximal unramified extension of Qp. It appears to the author that this result suggests that much wider
class of p-adic fields may be considered as base fields in anabelian geometry. In the absolute setting,
under the preservation of decomposition subgroups, we prove ApGC for hyperbolic curves of genus 0
over mixed characteristic Henselian discrete valuation fields of residue characteristic p. This result may
be regarded as the first absolute Grothendieck Conjecture-type result for hyperbolic curves in the pro-p
setting. Moreover, by combining this ApGC-type result with combinatorial anabelian geometry, under
certain assumptions on decomposition groups and dimensions, we prove ApGC for configuration spaces
of arbitrary hyperbolic curves over unramified extensions of p-adic local fields or their completions. In
light of the condition on the dimension of configuration spaces, this result may be regarded as a partial
generalization of a K. Higashiyama’s pro-p semi-absolute Grothendieck Conjecture-type result.
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Introduction

Let p be a prime number; K a field of characteristic 0. For any perfect field F , we shall write F for

the algebraic closure [determined up to isomorphisms] of F ; GF
def
= Gal(F/F ). For any algebraic variety

X [i.e., a separated, of finite type, and geometrically connected scheme] over K, we shall write ΠX for

the étale fundamental group of X, relative to a suitable choice of basepoint; ∆X
def
= ΠX×KK . For any

nonempty set of prime numbers Σ; we shall write

Π
(Σ)
X

def
= ΠX/Ker(∆X ↠ ∆Σ

X),

where ∆X ↠ ∆Σ
X denotes the maximal pro-Σ quotient of ∆X . In particular, we have an exact sequence

1 −→ ∆Σ
X −→ Π

(Σ)
X −→ GK −→ 1

of profinite groups. We shall write ∆p
X

def
= ∆

{p}
X ; Π

(p)
X

def
= Π

({p})
X . For any pair of K-schemes S†, S‡, we

shall write
IsomK(S†, S‡)

for the set of K-isomorphisms between S† and S‡. For any pair of schemes S†, S‡, we shall write

Isom(S†, S‡)

for the set of isomorphisms S† ∼→ S‡ of schemes. For any pair of continuous surjective homomorphisms
G† ↠ G, G‡ ↠ G of profinite groups, if we write H‡ ⊆ G‡ for the kernel of the surjection G‡ ↠ G, then
we shall write

IsomG(G
†, G‡)/Inn(H‡)

for the set of isomorphisms G† ∼→ G‡ [in the category of profinite groups] over G, considered up to
composition with inner automorphisms arising from elements ∈ H‡. For any pair of profinite groups G†,
G‡, we shall write

Isom(G†, G‡)/Inn(G‡)

for the set of outer isomorphisms G† ∼→ G‡ [in the category of profinite groups].
In anabelian geometry, we often consider an inexplicit problem

whether or not an algebraic variety X may be “reconstructed” from various variants of the
étale fundamental group ΠX .
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In this research area, the Grothendieck Conjecture-type results may be regarded as central results [cf. for
instance, [12], Theorem A; [23], Theorem 0.4]. Roughly speaking, the Grothendieck Conjecture tells us
that “anabelian” varieties over “sufficiently arithmetic” fields [for example, hyperbolic curves over number
fields, p-adic local fields or finite fields] may be reconstructed from their étale fundamental groups. Let
us note that the known proofs for hyperbolic curves depend on the fact that the base fields [of algebraic
varieties, in question] are not so “far” from the prime fields.

With regard to the above inexplicit problem, one of the explicit questions in anabelian geometry may
be stated as follows:

Question 1 (Relative version of the Grothendieck Conjecture — (ΣRGCK)): Let Σ be a
nonempty set of prime numbers; X†, X‡ hyperbolic curves over K. Then is the natural map

IsomK(X†, X‡) −→ IsomGK
(Π

(Σ)

X† ,Π
(Σ)

X‡ )/Inn(∆
Σ
X‡)

bijective? [Strictly speaking, Grothendieck conjectured that this natural map is bijective if Σ
is the set of all prime numbers, and K is finitely generated over the field of rational numbers
Q — cf. [2].]

Note that, if K = K, then GK = {1}, hence, in particular, (ΣRGCK) does not hold. As a corollary of an
affirmative result of Question 1, one may reconstruct the isomorphism classes of hyperbolic curves over
K from their fundamental groups. In particular, as a weaker question, one may ask the reconstructibility
of isomorphism classes only. Usually, we shall refer to this type of question as the weak version of the
Grothendieck Conjecture. With regard to Question 1, S. Mochizuki obtained the following remarkable
result:

Theorem ([14], Theorem 4.12). Suppose that Σ contains p, and K is a generalized sub-p-adic field [i.e.,
a subfield of a finitely generated extension of the field of fractions of the Witt ring W (Fp) — cf. [14],
Definition 4.11]. Then (ΣRGCK) holds.

On the other hand, in anabelian geometry, there exists an absolute version of Question 1:

Question 2 (Absolute version of the Grothendieck Conjecture — (ΣAGCC)): Let Σ be a
nonempty set of prime numbers; C a class of fields; X†, X‡ hyperbolic curves over fields ∈ C.
Then is the natural map

Isom(X†, X‡) −→ Isom(Π
(Σ)

X† ,Π
(Σ)

X‡ )/Inn(Π
(Σ)

X‡ )

bijective?

With regard to Question 2, in a recent joint work with S. Mochizuki, by developing the theory of RNS
[i.e., “Resolution of Nonsingularities”], we proved the following result:

Theorem ([20], Theorem D). Suppose that Σ is a set of cardinality ≥ 2 that contains p, and C is the
class of p-adic local fields, i.e., finite extension fields of the field of p-adic numbers. Then (ΣAGCC) holds.

Here, we note that, in the proof of this theorem, the assumption on the cardinality of Σ may be
applied both

• in establishing RNS for hyperbolic curves over p-adic local fields, and

• in reconstructing the underlying topological spaces of the Berkovich analytifications of hyperbolic
curves over p-adic local fields
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in essential ways. Therefore, to weaken the assumption on the cardinality of Σ, i.e., to consider the
geometrically pro-p setting, we need an essentially new idea. On the other hand, we observe that one may
not obtain an affirmative result for (ΣAGCC) if we allow [not necessarily complete] Henselian valuation
fields as base fields of hyperbolic curves. Indeed, this observation arises from the well-known fact that
the operation forming the completions of Henselian valuation fields does not change the absolute Galois
groups [cf. Remark 6.11.1, (iii)]. In particular, to extend the absolute Grothendieck Conjecture-type
results to such a Henselian [or more general] setting, it is natural to consider the following question:

Question 2’ (D-absolute version of the Grothendieck Conjecture — (ΣDAGCC)): Let Σ be a
nonempty set of prime numbers; C a class of fields; X†, X‡ hyperbolic curves over fields ∈ C.
Write

IsomD(Π
(Σ)

X† ,Π
(Σ)

X‡ )/Inn(Π
(Σ)

X‡ ) ⊆ Isom(Π
(Σ)

X† ,Π
(Σ)

X‡ )/Inn(Π
(Σ)

X‡ )

for the subset consisting of the outer isomorphisms that induce bijections between the re-
spective sets of decomposition subgroups associated to the closed points. Then is the natural
map

Isom(X†, X‡) −→ IsomD(Π
(Σ)

X† ,Π
(Σ)

X‡ )/Inn(Π
(Σ)

X‡ )

bijective?

Historically, S. Mochizuki proved this type of results for hyperbolic curves over p-adic local fields [cf. [18],
Corollary 2.9], which may be regarded as an intermediate step of the verification of the above absolute
Grothendieck Conjecture-type result, i.e., [20], Theorem D.

In this context, in the present paper, we discuss the weak/relative/absolute version of the geometrically
pro-p anabelian Grothendieck Conjecture for hyperbolic curves of genus 0 over certain p-adic fields that
are not necessarily complete. In the relative setting, we treat situations that the base fields of hyperbolic
curves can be non-discrete valuation fields. On the other hand, in the absolute setting, we treat the
situation that the base fields of hyperbolic curves are mixed characteristic Henselian discrete valuation
fields of residue characteristic p.

In order to state our main theorems, we introduce some notions and notations. For any field F and
any positive integer n, we shall write

F×p∞ def
=

∩
m≥1

(F×)p
m
, µn(F )

def
= {x ∈ F× | xn = 1},

µ(F )
def
=

∪
m≥1

µm(F ), µp∞(F )
def
=

∪
m≥1

µpm(F ),

where m ranges over the positive integers. Then:

• We shall say that M is a stably µp∞-finite field if, for every finite field extension M ⊆M †, it holds
that µp∞(M †) is finite.

• We shall say that M is stably p-×µ-indivisible if, for every finite field extension M ⊆ M †, it holds
that

(M †)×p∞ ⊆ µ(M †).

• We shall say that M is p-divisibly nonreflexive if the subset

{x ∈M×p∞ | 1− x ∈M×p∞} ⊆M×p∞

is finite. Moreover, we shall say that M is stably p-divisibly nonreflexive if, for every finite field
extension M ⊆M †, it holds that M † is p-divisibly nonreflexive.
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• We shall say that M is p-bounded if pn /∈M×p∞ for any positive integer n.

Note that, by considering norm maps, one may observe that every finite extension field of a p-bounded
field is also p-bounded.

Now write
Kp∞ def

=
∪
K⊆L

Q(L×p∞) ⊆ K,

where the union ranges over the finite field extensionsK ⊆ L (⊆ K). Then our first main result concerning
the weak version of the Grothendieck Conjecture is the following [cf. Theorem 3.1]:

Theorem A. Let Σ be a set of prime numbers that contains p; X†, X‡ hyperbolic curves of genus 0 over
K;

ϕ : Π
(Σ)

X†
∼→ Π

(Σ)

X‡

an isomorphism of profinite groups that lies over the identity automorphism on GK . Suppose that the
following conditions hold:

• ϕ induces a bijection between the respective sets of cuspidal inertia subgroups.

• K is a stably p-divisibly nonreflexive p-bounded field.

• Kp∞ is a p-divisibly nonreflexive p-bounded field.

Then there exists an isomorphism of K-schemes

X† ∼→ X‡

that induces a bijection between the respective sets of cusps that is compatible with the bijection between
the respective sets of cuspidal inertia groups induced by ϕ.

Here, we note that:

• Every stably p-×µ-indivisible field of characteristic 0 is a stably p-divisibly nonreflexive p-bounded
field.

• The maximal abelian extension field Qab of Q is a p-divisibly nonreflexive p-bounded field [cf. [24],
Lemma D].

Thus, Theorem A may be regarded as a generalization of [24], Theorem 3.5.
Next, our second main result concerning the relative version of the Grothendieck Conjecture is the

following [cf. Theorem 4.3]:

Theorem B. Let M be a mixed characteristic valuation field of rank 1 of residue characteristic p whose
value group has no nontrivial p-divisible element; L a stably µp∞-finite Galois extension of M ; X†, X‡

hyperbolic curves of genus 0 over K. Suppose that K is isomorphic to a subfield of L. Then the natural
map

IsomK(X†, X‡) −→ IsomGK
(Π

(p)

X† ,Π
(p)

X‡)/Inn(∆
p
X‡)

is bijective.

With regard to Theorem B, one may take any subfield of the p-adic completion of the maximal
tamely ramified extension field of any mixed characteristic complete discrete valuation field of residue
characteristic p as the base field, i.e., K. It appears to the author that
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• this result suggests that much wider class of p-adic fields may be considered as base fields of anabelian
geometry, and

• the analogous results in the more general geometrically pro-Σ [where p ∈ Σ] cases or in the case
where U and V are hyperbolic curves of higher genus also hold.

Note that if one may prove the geometrically pro-p Grothendieck Conjecture for hyperbolic curves of
arbitrary genus, then, by applying Galois descent, one may also complete the proof of general geometrically
pro-Σ versions. In particular, it suffices to consider the geometrically pro-p Grothendieck Conjecture. In
the case where the base field is a subfield of a mixed characteristic discrete valuation field, there exists
an ongoing joint work with Y. Hoshi, S. Mochizuki, and G. Yamashita, to obtain results for higher genus
hyperbolic curves.

Next, our third main result concerning the D-absolute version of the Grothendieck Conjecture is the
following [cf. Theorem 6.11, (i)]:

Theorem C. Let X†, X‡ be hyperbolic curves of genus 0 over mixed characteristic Henselian discrete
valuation fields of residue characteristic p. Then the natural map

Isom(X†, X‡) −→ IsomD(Π
(p)

X† ,Π
(p)

X‡)/Inn(Π
(p)

X‡)

is bijective.

It appears to the author that Theorem Cmay be regarded as the first absolute Grothendieck Conjecture-
type result for hyperbolic curves in the pro-p setting [cf. Remark 6.11.1, (ii)]. Again, we note that if one
could establish the analogous result for hyperbolic curves of arbitrary genus, then, by applying Galois
descent, one may also obtain more general geometrically pro-Σ [where p ∈ Σ] version of Theorem C. One
of the key points of the proof of Theorem C is an algebraicity criterion for certain set-theoretic bijections
discussed in §5. In anabelian geometry, one often considers the reconstructibility of the additive struc-
ture from the multiplicative structure in respective situations. One interesting point of this algebraicity
criterion is to discuss

the reconstructibility of the multiplicative structure from a partial multiplicative structure, to-
gether with a certain additive structure

in some sense. In §6, we prove, in fact, a slightly stronger result with respect to the assumption on
the preservation of decomposition subgroups [cf. Remark 6.11.1, (iv)]. Moreover, one may also obtain a
certain arithmetically pro-p analogue of Theorem C [cf. Theorem 6.11, (ii)]. Here, we note that many
portions of the proof of Theorem C also work in the case where the base fields of hyperbolic curves are
mixed characteristic Henselian valuation field of rank 1 of residue characteristic p whose value group has
no nontrivial p-divisible element. On the other hand, at the time of writing the present paper, the author
could not prove several portions, especially,

• the elasticity [i.e., the property of a profinite group that every nontrivial topologically finitely
generated normal closed subgroup of an open subgroup is open] of the absolute Galois groups of
such valuation fields that is needed to verify the analogue of [11], Corollary 4.6, and

• the analogue of Proposition 6.6 for such valuation fields that is needed to apply the algebraicity
criterion in §5.

Finally, in order to state our final main result, we introduce the notion of configuration spaces asso-
ciated to hyperbolic curves. Let n be a positive integer; X a hyperbolic curve over K. Then we shall
write

Xn
def
= X×n \

∪
1≤i ̸=j≤n

∆i,j ,
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where X×n denotes the fiber product of n copies of X over K; ∆i,j denotes the diagonal divisor on X×n

associated to the i-th and j-th components. Recall that K. Higashiyama proved a certain geometrically
pro-p semi-absolute version of the Grothendieck Conjecture for higher dimensional configuration spaces
associated to hyperbolic curves over generalized sub-p-adic fields [cf. [4], Theorem 0.1]. Our final main
result is the following [cf. Theorem 7.5], which may be regarded as a partial generalization of this K.
Higashiyama’s result from the view point of dimension of configuration spaces:

Theorem D. Let n†, n‡ be positive integers; Σ a set of prime numbers either {p} or the set of all prime
numbers; K†, K‡ mixed characteristic Henselian discrete valuation fields of residue characteristic p such
that (ΣRGCK†) and (ΣRGCK‡) hold; X†, X‡ hyperbolic curves over K†, K‡, respectively. Write (g†, r†)
for the type of X†, i.e, the genus of X† is g†, and the degree of the divisor of cusps of X† is r†. Suppose
that {

n† ≥ 2 if g† ≥ 1, and r† ≥ 1,

n† ≥ 3 if r† = 0.

Then the natural map

Isom(X†
n† , X

‡
n‡) −→ IsomD(Π

(Σ)

X†
n†
,Π

(Σ)

X‡
n‡
)/Inn(Π

(Σ)

X‡
n‡
)

— where IsomD(−,−) denotes the set of the outer isomorphisms that induce bijections between the re-
spective sets of decomposition groups associated to the closed points of suitable compactifications of con-
figuration spaces [cf. Definition 7.2, (ii)] — is bijective.

Theorem D is proved by applying Theorem C, together with combinatorial anabelian geometry. Here,
we note that if the base fields K† and K‡ are unramified extensions of p-adic local fields or their p-adic
completions, then (ΣRGCK†) and (ΣRGCK‡) hold [cf. [14], Theorem 4.12]. For these conditions, there
exists an ongoing joint work with Y. Hoshi, S. Mochizuki, and G. Yamashita as mentioned above. With
regard to further developments, it would be interesting to consider

to which extent the assumption on the dimensions of configuration spaces may be dropped.

However, at the time of writing of the present paper, the author does not have any clue on the further
development of this direction.

The present paper is organized as follows. In §1, we introduce the notions of stably p-divisibly
nonreflexive field and p-bounded field and prove that any subfield of a stably µp∞-finite Galois extension
of the mixed characteristic valuation field as in Theorem B is a stably p-divisibly nonreflexive p-bounded
field [cf. Lemma 1.8]. In §2, we review some well-known facts concerning the étale fundamental groups
of commutative algebraic groups. In §3, by establishing a pro-p analogue of the proof of [24], Theorem
3.5, together with a reviewed result in §2, we prove Theorem A. In §4, by applying Theorem A and a H.
Nakamura’s result concerning the computations of certain Galois centralizers, together with Lemma 1.8,
we prove Theorem B. In §5, we establish a certain algebraicity criterion of set-theoretic bijections between
suitable subsets of mixed characteristic Henselian valuation fields of rank 1 of residue characteristic p
whose value groups have no nontrivial p-divisible element. In §6, by applying Theorem B, together with
the algebraicity criterion established in §5, we prove Theorem C. In §7, as an application of Theorem C,
together with combinatorial anabelian geometry, we prove Theorem D.
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Notations and Conventions

Numbers: The notation Primes will be used to denote the set of prime numbers. If p is a prime number,
then the notation Zp will be used to denote the pro-p completion of Z. We shall refer to a finite extension
field of the field of p-adic numbers Qp as a p-adic local field. For each commutative ring A, the notation
A× will be used to denote the group of units of A.

Fields: Let p be a prime number; F a field. Then we shall write F for the algebraic closure [determined
up to isomorphisms] of F ; F sep (⊆ F ) for the separable closure of F ; F ⊆ Fp (⊆ F sep) for the maximal

pro-p extension; GF
def
= Gal(F sep/F ). If F is a mixed characteristic rank 1 valuation field of residue

characteristic p [cf. Definition 1.1, (ii) below], then the notation vp will be used to denote the normalized
valuation on F whose normalization is determined by the condition that vp(p) = 1.

Let n be a positive integer that is invertible in F . Then we shall fix a primitive n-th root of unity
ζn ∈ F sep.

Algebraic Varieties: Let F be a field; F ⊆ E a field extension; X an algebraic variety [i.e., a separated,

of finite type, and geometrically connected scheme] over F . Then we shall write XE
def
= X ×F E; X(E)

for the set of E-rational points of X. Suppose that X is an algebraic group over F . Then we shall write
0X ∈ X(F ) for the origin. Suppose, moreover, that X is commutative. Then we shall write nX : X → X
for the endomorphism induced by multiplication by n..

Profinite groups: Let Σ be a nonempty set of prime numbers; G a profinite group. Then we shall
write GΣ for the maximal pro-Σ quotient of G; Aut(G) for the group of automorphisms of G [in the

category of profinite groups]; Inn(G) ⊆ Aut(G) for the subgroup of inner automorphisms of G; Out(G)
def
=

Aut(G)/Inn(G). If p is a prime number, then we shall also write Gp def
= G{p}.

Fundamental groups: For a connected locally Noetherian scheme S, we shall write ΠS for the étale
fundamental group of S, relative to a suitable choice of basepoint [cf. [3]]. Let F be a field of characteristic
0; Σ a nonempty set of prime numbers; X an algebraic variety over F . Then we shall write

∆X
def
= ΠXF

; Π
(Σ)
X

def
= ΠX/Ker(∆X ↠ ∆Σ

X)

that fit into a commutative diagram of profinite groups

1 −−−−→ ∆X −−−−→ ΠX −−−−→ GK −−−−→ 1y y ∥∥∥
1 −−−−→ ∆Σ

X −−−−→ Π
(Σ)
X −−−−→ GK −−−−→ 1.

If Σ = {p} for some prime number p, then we shall also write Π
(p)
X

def
= Π

({p})
X .
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1 Stably p-divisibly nonreflexive field

Let p be a prime number. In the present section, we first introduce some notions on fields including
stably µp∞-finite field, stably p-divisibly nonreflexive field, and p-bounded field [cf. Definitions 1.3, (i);
1.4]. Subsequent to this, we prove that any subfield of a stably µp∞-finite Galois extension of a certain
mixed characteristic valuation field is a stably p-divisibly nonreflexive p-bounded field [cf. Lemma 1.8].
For instance, the completion of any tamely ramified extension field of a mixed characteristic complete
discrete valuation field of residue characteristic p may be taken to be such a mixed characteristic valuation
field. In the later sections, we prove certain pro-p Grothendieck Conjecture-type results for hyperbolic
curves of genus 0 over such fields.

Definition 1.1.

(i) Let Γ be an abelian group. Then we shall say that Γ is p-reduced if∩
m≥1

pm · Γ = {0},

where m ranges over the positive integers.

(ii) Let Γ be an ordered abelian group. Then we shall say that Γ is of rank 1 if Γ is isomorphic to a
nontrivial subgroup of R as ordered abelian groups. If the value group of a valuation ring is of rank
1, then we shall say that the valuation ring is of rank 1.

Definition 1.2. Let M be a field, n a positive integer. Then we shall write

M×p∞ def
=

∩
m≥1

(M×)p
m
, µn(M)

def
= {x ∈M× | xn = 1},

µ(M)
def
=

∪
m≥1

µm(M), µp∞(M)
def
=

∪
m≥1

µpm(M),

where m ranges over the positive integers.

Definition 1.3. Let M be a field. Then we shall say that:

(i) M is a stably µp∞-finite field if, for every finite field extension M ⊆ M †, it holds that µp∞(M †) is
finite.

(ii) M is a stably p-×µ-indivisible field if, for every finite field extension M ⊆M †, it holds that

(M †)×p∞ ⊆ µ(M †).

Definition 1.4. Let M be a field. Then we shall say that:

(i) M is a p-divisibly nonreflexive field if the subset

{x ∈M×p∞ | 1− x ∈M×p∞} ⊆M×p∞

is finite.
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(ii) M is a stably p-divisibly nonreflexive field if, for every finite field extension M ⊆ M †, it holds that
M † is p-divisibly nonreflexive.

(iii) M is a p-bounded field if, for each positive integer n, it holds that pn ̸∈M×p∞ .

Remark 1.4.1. Let M be a field of characteristic 0 such that ζ6 ∈ M . Then it holds that 1 − ζ6 = ζ−1
6 .

This is a motivating example to allow the set {x ∈M×p∞ | 1−x ∈M×p∞} finite [as opposed to impose a
condition that the set {x ∈M×p∞ | 1− x ∈M×p∞} is empty] in the definition of p-divisibly nonreflexive
fields.

Remark 1.4.2.

(i) It follows immediately from the various definitions involved that any field of characteristic p is
p-bounded.

(ii) In light of the norm maps associated to finite field extensions, one may observe that every finite
extension field of a p-bounded field is also p-bounded.

(iii) Let M be a field of characteristic ̸= p. Then, if µp∞(M) is infinite, then it follows immediately from
the various definitions involved that M is p-bounded if and only if p ̸∈M×p∞ .

Remark 1.4.3.

(i) It follows immediately from the various definitions involved that any subfield of a p-divisibly nonre-
flexive field (respectively, a stably p-divisibly nonreflexive field; a p-bounded field) is also a p-divisibly
nonreflexive field (respectively, a stably p-divisibly nonreflexive field; a p-bounded field).

(ii) For any field M of characteristic 0, one may observe that {ζ±1
6 } = {x ∈ µ(M) | 1 − x ∈ µ(M)}.

In particular, any stably p-×µ-indivisible field of characteristic 0 is a stably p-divisibly nonreflexive
p-bounded field.

(iii) It follows immediately from the various definitions involved that any algebraically closed field of
characteristic ̸= p is neither p-divisibly nonreflexive nor p-bounded.

Lemma 1.5. Let K be a field of characteristic ̸= p; K ⊆ L (⊆ Ksep) a(n) [possibly, infinite] Galois
extension such that L is stably µp∞-finite. Then, for each finite separable field extension L ⊆ L† (⊆ Ksep),
it holds that

(L†)×p∞ ⊆
∪

K⊆K†

(K†)×p∞ (⊆ Ksep),

where K ⊆ K† (⊆ Ksep) ranges over the finite separable field extensions.

Proof. Lemma 1.5 follows from a similar argument to the argument applied in the proof of [24], Lemma
3.4, (iv), (v).
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Lemma 1.6. Let A be a mixed characteristic valuation ring of residue characteristic p. Write m ⊆ A

for the maximal ideal of A; K for the field of fractions of A; Γ
def
= K×/A×; v : K× ↠ Γ for the natural

surjection. Suppose that Γ is p-reduced and of rank 1. Then it holds that∩
i≥1

(1 +m)p
i
= {1},

where i ranges over the positive integers.

Proof. Let x ∈ ∩i≥1 (1 +m)p
i
be an element. Write a0

def
= x− 1. Then, for each positive integer n, there

exist elements an, bn ∈ m such that

a0 = (1 + an)
pn − 1 = p · bn + ap

n

n .

Suppose that v(a0) < v(p). Then it follows immediately from the above equality that v(a0) = v(ap
n

n ) =
pn · v(an) ∈ pn · Γ. Thus, since Γ is p-reduced, by varying n, we conclude that v(a0) = 0, hence that
a0 ∈ A×. This is a contradiction. In particular, it holds that

v(x− 1) = v(a0) ≥ v(p).

Next, since the inverse limit of an inverse system of nonempty finite sets is nonempty, we observe that
there exists a family {xn}n∈Z≥0

consisting of elements ∈ 1 +m such that x0 = x, and xpn+1 = xn for each

n ∈ Z≥0. Note that xn ∈ ∩i≥1 (1 +m)p
i
for each n ∈ Z≥0. Then, in light of the argument in the previous

paragraph, it holds that xn − 1 ∈ p ·A for each n ∈ Z≥0. Thus, since Γ is of rank 1, we conclude that

x ∈
∩
i≥1

(1 + p ·A)pi ⊆
∩
i≥1

1 + pi+1 ·A = {1},

where i ranges over the positive integers. This completes the proof of Lemma 1.6.

Lemma 1.7. In the notation of Lemma 1.6, let K ⊆ K† (⊆ K) be a finite field extension; v† : (K†)× ↠ Γ†

a valuation on K† that extends v. Write A† (⊆ K†) for the valuation ring associated to v†; k† for the
residue field of A†. Then the following hold:

(i) The value group Γ† is p-reduced and of rank 1.

(ii) It holds that (K†)×p∞ ⊆ (A†)×. Moreover, the natural composite (K†)×p∞ ⊆ A† ↠ k† is injective,
and the image of this composite is contained in (k†)×p∞.

Proof. Assertion (i) follows immediately from the facts that Γ† is torsion-free, and the subgroup Γ ⊆ Γ†

is of finite index [cf. [1], Corollary 3.2.3].
Next, we verify assertion (ii). First, it follows immediately from the fact that Γ† is p-reduced [cf.

(i)] that (K†)×p∞ ⊆ (A†)×. On the other hand, since A† is a valuation ring, the image of the natural
composite (K†)×p∞ ⊆ A† ↠ k† is contained in (k†)×p∞ . Thus, it suffices to prove that this composite is
injective.

Write m† for the maximal ideal of A†. Let x ∈ (K†)×p∞ ∩ (1 + m†) be an element. For each positive
integer m, let ym ∈ A† be such that yp

m

m = x. Then since k† is of characteristic p, and x ∈ 1 + m†, it
follows immediately that ym ∈ 1 +m†. In particular, we have

x ∈
∩
i≥1

(1 +m†)p
i
,

where i ranges over the positive integers. Thus, we conclude from Lemma 1.6 that x = 1. This completes
the proof of assertion (ii), hence of Lemma 1.7.
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Let K be a mixed characteristic valuation field of residue characteristic p whose value group is p-
reduced and of rank 1. For instance,

the completion of [possibly, infinite] tame extension field of a mixed characteristic complete
discrete valuation field of residue characteristic p

may be such a valuation field. Write A for the valuation ring of K; k for the residue field of A; m (⊆ A)
for the maximal ideal of A;

v : K× ↠ Γ
def
= K×/A×

for the natural surjection, i.e., the valuation on K. Let

K ⊆ L (⊆ K)

be a Galois extension such that L is stably µp∞-finite.

Lemma 1.8. Let F be a subfield of L. Then F is a stably p-divisibly nonreflexive p-bounded field.
Moreover, it holds that

{x ∈ F×p∞ | 1− x ∈ F×p∞} ⊆ {ζ±1
6 }.

Proof. First, we may assume without loss of generality that F = L [cf. Remark 1.4.3, (i)]. Next, we note
that p ∈ m. Then it follows immediately from Lemma 1.5, together with Lemma 1.7, (ii), that, for each
positive integer n, we have

pn ̸∈ L×p∞ .

In particular, it holds that L is p-bounded. Thus, in light of Lemma 1.7, (i), by applying Lemma 1.5
again, we observe that it suffices to verify that

{x ∈ K×p∞ | 1− x ∈ K×p∞} ⊆ {ζ±1
6 }.

Next, let x ∈ K×p∞ be such that 1− x ∈ K×p∞ . Then there exist elements x1, y1 ∈ K×p∞ such that

xp1 = x, yp1 = 1− x.

Fix such elements. Write
a1

def
= x1 + y1 − 1.

Observe that the equality xp1 + yp1 − 1 = 0 implies that a1 ∈ m.
Next, we verify the following assertion:

Claim 1.8.A : v(a1) ≥ v(p).

Let t be a positive integer. Then since x1, y1 ∈ K×p∞ , there exist xt, yt ∈ A× such that x1 = xp
t−1

t , and

y1 = yp
t−1

t . Note that there exists c ∈ A such that

a1 = x1 + y1 − 1 = (xt + yt − 1)p
t−1 − p · c.

Suppose that v(a1) < v(p). Then it follows from the above equality that

pt−1 · v(xt + yt − 1) = v(a1) ∈ Γ.

Thus, by varying t, we conclude that

v(a1) ∈
∩
t≥1

pt · Γ = {0},
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where the equality follows from the fact that Γ is p-reduced. This contradicts the fact that a1 ∈ m. This
completes the proof of Claim 1.8.A.

Now we have

1− xp1 = yp1 = (1− x1 + a1)
p = (1− x1)p +

∑
1≤i≤p

(1− x1)p−i · ai1 ·
(
p

i

)
.

Then, by applying Claim 1.8.A, we have

1− xp1 − (1− x1)p

p
∈ m.

Write x1, x ∈ k× for the images of x1, x ∈ A× via the natural surjection A ↠ k, respectively. Then it
follows immediately that, if p ≥ 3 (respectively, p = 2), then∑

1≤i≤p−1

1

p
·
(
p

i

)
· (−x1)i = 0 (respectively, x21 − x1 = 0 ).

Then since x1 ̸= 0, it follows immediately that x1 ∈ µ(k), hence that x ∈ µ(k). Thus, we conclude from
Lemma 1.7, (ii), that x ∈ µ(K). On the other hand, by a similar argument, we also have 1− x ∈ µ(K).
This implies that x ∈ {ζ±1

6 }. This completes the proof of Lemma 1.8.

2 Generalities on the étale fundamental groups of commutative alge-
braic groups

In the present section, we review some basic properties on the étale fundamental groups of commutative
algebraic groups and a well-known argument surrounding the injectivity portion of the Section Conjecture
[cf. Proposition 2.5; [27], §1, Example], which will be used only for the multiplicative group scheme Gm

in the next section.

Let K be a field of characteristic 0.

Lemma 2.1. Suppose that K is algebraically closed. Let Z, S be smooth varieties over K. Then the
natural [outer] homomorphism ΠZ×KS → ΠZ ×ΠS is an isomorphism.

Proof. Let Zcpt be a smooth compactification of Z over K such that the complement D
def
= Zcpt \ Z is a

normal crossing divisor [cf. [5], [6]]. Write Z log for the log regular log scheme whose underlying scheme
is Zcpt and whose log structure is determined by D. Note that Z log is log smooth, proper over K, and
S may be regarded as a log regular log scheme with respect to the trivial log structure. Then we have
an isomorphism ΠZlog×KS

∼→ ΠZlog × ΠS of log étale fundamental groups [cf. [7], §3, Proposition 3].
On the other hand, we observe that Z log ×K S is a log regular log scheme whose interior coincides with
Z ×K S. Therefore, since K is of characteristic 0, it follows immediately from [7], Proposition B.7, that
the natural [outer] homomorphism ΠZ×KS → ΠZ × ΠS is an isomorphism. This completes the proof of
Lemma 2.1.

Let X be an algebraic group over K. In the remainder of the present section, whenever we consider
the étale fundamental groups of algebraic groups over algebraically closed fields, we take the origins of
them as basepoints.
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Lemma 2.2. Suppose that K is algebraically closed. Then ΠX is abelian.

Proof. Note that since K is an algebraically closed field of characteristic 0, we have the composite of
homomorphisms of profinite groups

f : ΠX ×ΠX
∼→ ΠX×KX −→ ΠX ,

where the first map is a natural isomorphism [cf. Lemma 2.1]; the second map is a natural homomorphism
induced by the multiplication map X×KX → X. Then since the respective restrictions of f on ΠX×{1}
and {1} × ΠX are the identity automorphisms, it follows immediately from the fact that ΠX × {1}
commutes with {1} ×ΠX that ΠX is abelian. This completes the proof of Lemma 2.2.

Lemma 2.3. Suppose that K is algebraically closed, and X is commutative. Let f : Y → X be a finite
étale Galois covering over K. Then Y admits a structure of commutative algebraic group over K such
that f is an isogeny.

Proof. Write M
def
= f−1(0X) ⊆ Y (K). Note that since f is a finite étale Galois covering, ΠX acts on M

regularly. Let m ∈ M be a closed point. Recall that ΠX is abelian [cf. Lemma 2.2]. Then we have a
natural map

α0 :M ×M −→ M, (mσ1 ,mσ2) 7→ mσ1σ2

[where σ1, σ2 ∈ ΠX ] that is compatible with the multiplication map ΠX × ΠX → ΠX and the natural
actions of ΠX × ΠX , ΠX on M ×M , M , respectively. Thus, in light of the theory of Galois categories,
we obtain a commutative diagram of schemes

Y ×K Y −−−−→
α

Y

f×f

y f

y
X ×K X −−−−→ X,

where the lower horizontal arrow is the multiplication map on X. Similarly, the bijection

M
∼→ M, mσ 7→ mσ−1

[where σ ∈ ΠX ] induces a commutative diagram of schemes

Y
∼−−−−→
i

Y

f

y f

y
X

∼−−−−→ X,

where the lower horizontal arrow is the inversion map on X. Then it follows immediately that the
morphisms α, i, and the closed point m ∈ Y (K) determine a structure of algebraic group over K on Y
such that f is an isogeny. On the other hand, we note that α0 commutes with the bijection

M ×M ∼→ M ×M, (m1,m2) 7→ (m2,m1)

that is compatible with the natural action of ΠX ×ΠX on M ×M . Thus, we conclude that α commutes
with the isomorphism

Y ×K Y
∼→ Y ×K Y, (y1, y2) 7→ (y2, y1).

In particular, the structure of algebraic group on Y is commutative. This completes the proof of Lemma
2.3.
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Proposition 2.4. Suppose that K is algebraically closed, and X is commutative. For each prime number
l, write Tl(X) for the l-adic Tate module associated to X. Then

ΠX
∼→

∏
l∈Primes

Tl(X).

Proof. Let f : Y → X be a finite étale Galois covering over K. Then it follows from Lemma 2.3 that Y
admits a structure of commutative algebraic group over K such that f is an isogeny. Then since Ker(f)
is a finite étale group scheme over K, there exists a positive integer n such that Ker(f) ⊆ Ker(nY ). Thus,
nY : Y → Y coincides with the composite of f : Y → X with a finite étale Galois covering g : X → Y .
Moreover, since f is surjective, it follows immediately that f ◦ g : X → X coincides with nX : X → X.
In summary, any finite étale Galois covering of X over K is dominated by nX for some positive integer
n. This completes the proof of Proposition 2.4.

Proposition 2.5. Suppose that X is commutative. Write Z
def
= XKsep (= XK);

ϕ1 : X(K) −→ H1(GK ,ΠZ)

for the natural map obtained by taking the difference between the two sections of ΠX ↠ GK [each of which
is well-defined up to composition with an inner automorphism induced by an element of ΠZ ] induced by
an element of X(K) and 0X ∈ X(K);

ϕ2 : X(K) −→ lim←−
n

X(K)/n ·X(K) ↪→ H1(GK ,ΠZ)

for the composite of the natural homomorphism with an injection induced by the Kummer exact sequence
associated to X [cf. Proposition 2.4], where n ranges over the positive integers. Then it holds that ϕ1 = ϕ2.

Proof. Let n be a positive integer; X̃ a pro-universal étale covering of X; x ∈ X(K) ⊆ Z(Ksep); x̃ a
point of X̃ that lies over x; σ ∈ GK . Write 0̃X for the point of X̃ determined by the origins of finite
étale Galois coverings [cf. Lemma 2.3] that appear in the projective system X̃; s0, sx : GK → ΠX for the

section of the natural surjection ΠX ↠ GK associated to 0̃X , (x̃)
σ, respectively; x

1
n ∈ Ker(nZ)(K

sep) for
the n-torsion point determined by x̃. Now observe that

sx(σ)s0(σ)
−1(x

1
n ) = sx(σ)((x

1
n )σ) = (x

1
n )σ.

Then the element ∈ Ker(nZ)(K
sep) induced by sx(σ)s0(σ)

−1 ∈ ΠZ [cf. Proposition 2.4] coincides with

(x
1
n )−1 · (x

1
n )σ ∈ Ker(nZ)(K

sep). On the other hand, it follows immediately from the various definitions
involved that the element ∈ H1(GK ,Ker(nZ)(K

sep)) induced by ϕ2(x) is represented by a map

GK −→ Ker(nZ)(K
sep), σ 7→ (x

1
n )−1 · (x

1
n )σ.

Thus, by varying n, we conclude that ϕ1 = ϕ2. This completes the proof of Proposition 2.5.
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3 Weak version of the Grothendieck Conjecture for hyperbolic curves
of genus 0 over stably p-divisibly nonreflexive p-bounded fields of
characteristic 0

Let p be a prime number. In the present section, we generalize [24], Theorem F, and prove a weak
version of the Grothendieck Conjecture for hyperbolic curves of genus 0 over stably p-divisibly nonreflexive
p-bounded field of characteristic 0. The proof proceeds in a similar way to [24], Theorem F. On the other
hand, since we discuss in a pro-p setting, we need a certain technical discussion concerning cyclotomic
rigidity [cf. Claim 3.1.A in the proof of Theorem 3.1 below].

Let K be a field of characteristic 0. Write

Kp∞ def
=

∪
K⊆K†

Q((K†)×p∞) ⊆ K,

where the union ranges over the finite field extensions K ⊆ K† (⊆ K).

Theorem 3.1. Let Σ be a set of prime numbers that contains p; U , V hyperbolic curves of genus 0 over
K;

ϕ : Π
(Σ)
U

∼→ Π
(Σ)
V

an isomorphism of profinite groups that lies over the identity automorphism on GK . Suppose that the
following conditions hold:

• ϕ induces a bijection between the respective sets of cuspidal inertia subgroups.

• K is a stably p-divisibly nonreflexive p-bounded field.

• Kp∞ is a p-divisibly nonreflexive p-bounded field.

Then there exists an isomorphism of K-schemes

U
∼→ V

that induces a bijection between the respective sets of cusps that is compatible with the bijection between
the respective sets of cuspidal inertia groups induced by ϕ.

Proof. First, by taking suitable quotients of Π
(Σ)
U and Π

(Σ)
V , we may assume without loss of generality

that Σ = {p}.
Next, it follows immediately from the theory of Galois descent [cf. the argument applied in the first

paragraph of the proof of [24], Theorem 3.5] that we may assume without loss of generality that all cusps
of U and V are K-rational. Thus, since ϕ preserves the cuspidal inertia subgroups, it follows immediately,

by considering the quotients of Π
(p)
U and Π

(p)
V by the closed normal subgroups topologically generated by

suitable collections of cuspidal inertia subgroups, that we may also assume without loss of generality that

• U = P1
K\{0, 1, λ,∞}, where λ ∈ K \ {0, 1};

• V = P1
K\{0, 1, µ,∞}, where µ ∈ K \ {0, 1};

• ϕ maps the cuspidal inertia subgroups of Π
(p)
U associated to ∗ ∈ {0, 1,∞} to the cuspidal inertia

subgroups of Π
(p)
V associated to ∗. [Note that this implies that ϕ maps the cuspidal inertia subgroups

of Π
(p)
U associated to λ to the cuspidal inertia subgroups of Π

(p)
V associated to µ.]
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Then our goal is to prove that
λ = µ.

Write t for the standard coordinate on the projective line P1
K .

Next, we verify the following assertion:

Claim 3.1.A: Let ∗ ∈ {0, 1, λ,∞} be an element; I∗ ⊆ Π
(p)
U a cuspidal inertia subgroup associ-

ated to ∗. Consider the natural composite

h∗ : Zp(1)
∼→ I∗

∼→ ϕ(I∗)
∼← Zp(1)

— where “(1)” denotes the Tate twist; the first and final isomorphisms are the natural isomor-
phisms [obtained by considering the action of each cuspidal inertia subgroup on the roots of
a uniformizer of the local ring of the compactified curve at the cusp under consideration]; the
middle isomorphism is the isomorphism induced by ϕ. Then h∗ is the identity automorphism.

Since ϕ induces a bijection between the respective sets of cuspidal inertia subgroups, it follows immediately,
by considering suitable quotients of the abelianizations of ∆p

U and ∆p
V , that h0 = h1 = hλ = h∞. Thus,

it suffices to consider the case where ∗ = 1. Write

• (P1
K ⊇) Up → U (⊆ P1

K) for the connected finite étale covering of U of degree p determined by
t 7→ (1− t)p.

• (P1
K ⊇) Vp → V (⊆ P1

K) for the connected finite étale covering of V of degree p determined by
t 7→ (1− t)p.

Let ζp be a primitive p-th root of unity. Then, after possibly replacing K by a suitable finite extension of

K and ϕ by the composite of ϕ with the inner automorphism of Π
(p)
V determined by some element ∈ ∆p

V ,
we obtain an isomorphism of profinite groups

ϕp : Π
(p)
Up

∼→ Π
(p)
Vp

such that

• ϕp induces the identity automorphism on GK ,

• there exists a bijection b ∈ Aut({1, . . . , p − 1}) of the set {1, . . . , p − 1} such that ϕp maps the

cuspidal inertia subgroups of Π
(p)
Up

associated to 0, 1, ∞, 1 − ζip, where i ∈ {1, . . . , p − 1}, to the

cuspidal inertia subgroups of Π
(p)
Vp

associated to 0, 1, ∞, 1− ζb(i)p , respectively.

By a slight abuse of notation, we shall also denote by ϕp the bijection between the cusps of Up and Vp
determined by the bijection between the respective sets of cuspidal inertia subgroups. Let Ip be a cuspidal

inertia subgroup of Π
(p)
Up

associated to 1− ζp. Thus, since the cusp 1− ζp of Up maps to the cusp 1 of U ,

we may assume without loss of generality that Ip = I1 ⊆ Π
(p)
U . In particular, it suffices to prove that the

natural composite
Zp(1)

∼→ Ip
∼→ ϕp(Ip)

∼← Zp(1)

is the identity automorphism. Write

• ϵp ∈ Z×
p for the element determined by this composite automorphism;

• κ : K× ↠ K×/K×p∞ ↪→ H1(GK ,Zp(1)) for the Kummer map;

• Y def
= P1

K\{0,∞}, ∆Y
def
= ΠY×KK .
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Then it follows from Proposition 2.5 that κ coincides with the composite

K× = Y (K) −→ H1(GK ,∆Y ) −→ H1(GK ,Zp(1))

— where the first map is obtained by taking the difference between the two sections of ΠY ↠ GK

[each of which is well-defined up to composition with an inner automorphism induced by an element of
∆Y ] induced by an element of Y (K) and 1 ∈ Y (K); the final map is induced by the natural surjection
∆Y ↠ ∆p

Y
∼→ Zp(1). Here, we recall that the image of such a section of ΠY ↠ GK arising from an element

of Y (K) may also be thought of as the decomposition group in ΠY of this element of Y (K).
Next, let x be a cusp of Up; Ix a cuspidal inertia subgroup of ∆p

Up
associated to x. Recall that, since

Ix is normally terminal in ∆p
Up

[cf. [16], Proposition 1.2, (ii)], the normalizer N
Π

(p)
Up

(Ix) is a decomposition

subgroup ⊆ Π
(p)
Up

associated to x. Similarly, since ϕp(Ix) is normally terminal in ∆p
Vp
, the normalizer

N
Π

(p)
Vp

(ϕp(Ix)) is a decomposition subgroup ⊆ Π
(p)
Vp

associated to ϕp(x).

Thus, since ϕp maps the cuspidal inertia subgroups of Π
(p)
Up

associated to 1, 1 − ζip to the cuspidal

inertia subgroups of Π
(p)
Vp

associated to 1, 1− ζb(i)p , respectively, we conclude [by thinking of Up and Vp as

open subschemes of Y ] that, for each i ∈ {1, . . . , p− 1},

ϵp · κ(1− ζip) = κ(1− ζb(i)p ).

Let us note that
p =

∏
1≤i≤p−1

1− ζip.

Then we have
ϵp · κ(p) = κ(p).

On the other hand, since K is p-bounded, for each positive integer n, it holds that pn ̸∈ K×p∞ . Then it
follows that κ(p) is not a torsion element, hence that Zp · κ(p)

∼→ Zp, which implies that ϵp = 1. This
completes the proof of Claim 3.1.A.

Next, we suppose that
λ ̸= µ.

In light of Claim 3.1.A, it follows by considering the Kummer classes of λ, µ, 1− λ, and 1− µ that there
exist a, b ∈ K×p∞ such that

µ = a · λ, 1− µ = b · (1− λ).
Since λ ̸= µ, it follows immediately that a ̸= 1, b ̸= 1, and a ̸= b. In particular,

λ =
1− b
a− b

∈ Kp∞ .

Recall our assumption that Kp∞ (⊆ K) is a p-divisibly nonreflexive field. In particular, if any p-power

root of λ is an element of Kp∞ , then there exist a positive integer m and a pm-th root λ
1

pm of λ such that

1−λ
1

pm ̸∈ (Kp∞)×p∞ . Note that even if we replaceK by a finite extension field ofK, it follows immediately
from the various definitions involved that the field Kp∞ does not change. Write (P1

K ⊇) Upm → U (⊆ P1
K)

for the connected finite étale covering over K determined by the assignment t 7→ (1 − t)pm . Then, by

replacing λ, K, U , by 1− λ
1

pm , a finite extension field of K, a suitable partial compactification of Upm , if
necessary, we may assume without loss of generality that there exists a positive integer n such that some
pn-th root of λ is not an element of Kp∞ . Fix such a pn-th root

λ
1
pn /∈ Kp∞ .

Write
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• (P1
K ⊇) U ′ → U (⊆ P1

K) for the connected finite étale covering of U of degree pn determined by
t 7→ tp

n
.

• (P1
K ⊇) V ′ → V (⊆ P1

K) for the connected finite étale covering of V of degree pn determined by
t 7→ tp

n
.

Note that the open subgroup ∆p
U ′ ⊆ ∆p

U determined by the covering U ′ → U may be characterized as the
unique normal open subgroup of index pn such that

I1 ⊆ ∆p
U ′ , Iλ ⊆ ∆p

U ′ .

The open subgroup ∆p
V ′ ⊆ ∆p

V determined by the covering V ′ → V admits a similar characterization.
Thus, since ϕ is compatible with these characterizations, we conclude that, after possibly replacing K

by a suitable finite extension of K and ϕ by the composite of ϕ with the inner automorphism of Π
(p)
V

determined by some element ∈ ∆p
V , we obtain an isomorphism of profinite groups

ϕn : Π
(p)
U ′

∼→ Π
(p)
V ′

such that

• ϕn induces the identity automorphism on GK ,

• ϕn maps the cuspidal inertia subgroups of Π
(p)
U ′ associated to ∗′ ∈ {0, 1,∞} to the cuspidal inertia

subgroups of Π
(p)
V ′ associated to ∗′,

• ϕn maps the cuspidal inertia subgroups of Π
(p)
U ′ associated to λ

1
pn to the cuspidal inertia subgroups

of Π
(p)
V ′ associated to some pn-th root µ

1
pn of µ.

Let M (⊆ K) be a finite extension field of K such that λ
1
pn , µ

1
pn ∈M . Write

• U ′′ def= P1
M\{0, 1, λ

1
pn ,∞};

• V ′′ def= P1
M\{0, 1, µ

1
pn ,∞}.

Since λ
1
pn ̸= µ

1
pn [by our assumption that λ ̸= µ], it follows, by considering the isomorphism

Π
(p)
U ′′

∼→ Π
(p)
V ′′

induced by ϕn and applying a similar argument to the argument applied above to λ and µ, that

λ
1
pn ∈ Kp∞ .

This contradicts our choice of λ
1
pn . Thus, we conclude that λ = µ. This completes the proof of Theorem

3.1.

Remark 3.1.1. In the notation of Theorem 3.1, suppose that K is a stably p-×µ-indivisible field of
characteristic 0 [cf. Remark 1.4.3, (ii)]. Then it follows immediately from [24], Lemma D, that Kp∞ (⊆
Qab) is also a stably p-×µ-indivisible field of characteristic 0, hence, in particular, a p-divisibly nonreflexive
p-bounded field. Thus, Theorem 3.1 may be regarded as a generalization of [24], Theorem F.
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Corollary 3.2. Let M be a mixed characteristic valuation field of residue characteristic p whose value
group is p-reduced and of rank 1; L a stably µp∞-finite Galois extension of M ; Σ ⊆ Primes a subset that
contains p; U , V hyperbolic curves of genus 0 over K;

ϕ : Π
(Σ)
U

∼→ Π
(Σ)
V

an isomorphism of profinite groups such that ϕ lies over the identity automorphism on GK . Suppose that
K is isomorphic to a subfield of L. Then there exists an isomorphism of K-schemes

U
∼→ V

that induces a bijection between the respective sets of cusps that is compatible with the bijection between
the respective sets of cuspidal inertia groups induced by ϕ.

Proof. First, it follows from Lemma 1.8 that K is a stably p-divisibly nonreflexive p-bounded field. Next,
since L is stably µp∞-finite, the p-adic cyclotomic character GK → Z×

p is open. Then it follows from [16],
Corollary 2.7, (i), that ϕ induces a bijection between the respective sets of cuspidal inertia groups. On
the other hand, it follows immediately from the definition of the field Kp∞ that

(Kp∞)×p∞ ⊆
∪

K⊆K†

(K†)×p∞ ,

where K ⊆ K† ranges over the finite field extensions. Therefore, by applying Lemmas 1.7, (ii); 1.8, we
observe that Kp∞ is a p-divisibly nonreflexive p-bounded field. Thus, Corollary 3.2 follows immediately
from Theorem 3.1.

Remark 3.2.1. Note that it follows immediately from the various definitions involved that, in the statement
of Corollary 3.2, one may take K as any subfield of the p-adic completion of the maximal tamely ramified
extension field of a mixed characteristic Henselian discrete valuation field of residue characteristic p. On
the other hand, we recall that any Noetherian local domain is dominated by a discrete valuation ring that
can be embedded into its Henselization. In particular, in the statement of Corollary 3.2, one may take K
as the field of fractions of any mixed characteristic Noetherian local domain of residue characteristic p.

4 Geometrically pro-p Grothendieck Conjecture for hyperbolic curves
of genus 0 over mixed characteristic valuation fields of rank 1 of
residue characteristic p with p-reduced value groups

Let p be a prime number. In the present section, we apply the weak version of the Grothendieck
Conjecture [cf. Theorem 3.1; Corollary 3.2] to prove the geometrically pro-p Grothendieck Conjecture
for hyperbolic curves of genus 0 over subfields of certain mixed characteristic valuation fields [cf. for in-
stance, the p-adic completion of [possibly, infinite] tamely ramified extension fields of mixed characteristic
complete discrete valuation fields of residue characteristic p].

Let K be a field of characteristic 0.

Definition 4.1. Let U be a hyperbolic curve of genus 0 over K such that every cusp of U is K-rational.
Write Out|C|(∆p

U ) ⊆ Out(∆p
U ) for the subgroup of outer automorphisms that induce the identity auto-

morphism on the set of the conjugacy classes of cuspidal inertia subgroups of ∆p
U ;

ρ : GK −→ Out(∆p
U )
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for the pro-p outer representation naturally determined by the natural homotopy exact sequence

1 −→ ∆p
U −→ Π

(p)
U −→ GK −→ 1.

Lemma 4.2 ([21], Propositions 2.2.3, 2.2.4). In the notation of Definition 4.1, suppose that the p-adic
cyclotomic character GK → Z×

p is open. Write

χp : Out|C|(∆p
U ) −→ Z×

p

for the p-adic cyclotomic character [obtained by considering the natural actions on cuspidal inertia sub-
groups (

∼→ Zp) of ∆p
U ]. Then the natural composite

ZOut|C|(∆p
U )(Im(ρ)) ⊆ Out|C|(∆p

U )
χp→ Z×

p

is injective.

Proof. Lemma 4.2 follows immediately from [21], Proposition 2.2.3, together with the latter half of the
proof of [21], Proposition 2.2.4.

Theorem 4.3. Let U , V be hyperbolic curves of genus 0 over K. Write

IsomK(U, V )

for the set of K-isomorphisms between U and V ;

IsomGK
(Π

(p)
U ,Π

(p)
V )/Inn(∆p

V )

for the set of continuous group isomorphisms Π
(p)
U

∼→ Π
(p)
V that lies over the identity automorphism of GK ,

considered up to composition with an inner automorphism arising from an element ∈ ∆p
V . Let M be a

mixed characteristic valuation field of residue characteristic p whose value group is p-reduced and of rank
1; L a stably µp∞-finite Galois extension of M . Suppose that K is isomorphic to a subfield of L. Then
the natural map

IsomK(U, V ) −→ IsomGK
(Π

(p)
U ,Π

(p)
V )/Inn(∆p

V )

is bijective.

Proof. The injectivity portion follows immediately from the structure of abelianization of ∆p
V , together

with the fact that an automorphism of the projective line over K that fixes three points is the identity
automorphism.

Next, we consider the surjectivity portion. By applying Galois descent, we may assume without loss
of generality that every cusp of U and V is K-rational. Let

σ ∈ IsomGK
(Π

(p)
U ,Π

(p)
V )/Inn(∆p

V )

be an element. Our goal is to prove that σ arises from an element ∈ IsomK(U, V ) via the natural map.
Then, by applying Corollary 3.2, we may assume without loss of generality that U = V , and σ induces
the identity automorphism on the set of the conjugacy classes of cuspidal inertia subgroups of ∆p

U . Here,
we note that since ∆p

U is center-free, there exists a natural isomorphism

AutGK
(Π

(p)
U )/Inn(∆p

U )
∼→ ZOut(∆p

U )(Im(ρ))
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[cf. Definition 4.1]. With respect to this isomorphism σ determines an element of ZOut|C|(∆p
U )(Im(ρ)).

Recall from Claim 3.1.A in the proof of Theorem 3.1 that χp(σ|∆p
U
) = 1, where

χp : Out|C|(∆p
U ) −→ Z×

p

denotes the p-adic cyclotomic character. On the other hand, it follows from our assumption that the
[usual] p-adic cyclotomic character GK → Z×

p is open. Thus, we conclude from Lemma 4.2 that σ = 1.
This completes the proof of Theorem 4.3.

Remark 4.3.1. It appears to the author that Theorem 4.3 suggests that much wider class of p-adic fields
may be considered as base fields of anabelian geometry. On the other hand, at the time of writing of the
present paper, the author does not know

whether or not the analogous result of Theorem 4.3 holds in the case where U and V are
hyperbolic curves of higher genus.

The author hopes to be able to address such an issue in the future paper.

5 Algebraicity of certain set-theoretic bijections between the underly-
ing sets of mixed characteristic valuation fields of rank 1 of residue
characteristic p with p-reduced value groups

Let p be a prime number. In the present section, we prove an elementary lemma concerning the
algebraicity of certain set-theoretic bijections between subsets of the underlying sets of mixed characteristic
valuation fields of rank 1 of residue characteristic p whose value groups are p-reduced, which will be
applied to prove geometrically/arithmetically pro-p absolute Grothendieck Conjecture-type results in the
next section.

Definition 5.1. Let K be a valuation field. Write OK for the ring of integers of K; mK for the maximal
ideal of OK ;

MK
def
= mK ∪ 1 +mK ;

rK :MK
∼→ MK

for the reflection map, i.e., the bijection that maps MK ∋ x 7→ 1− x ∈MK .

Remark 5.1.1. In the notation of Definition 5.1, the subset MK ⊆ OK is multiplicatively closed, i.e., for
each x, y ∈MK , it holds that xy ∈MK .

Remark 5.1.2. In the notation of Definition 5.1, suppose that the value group of K is p-reduced. Then it
follows immediately from the various definitions involved that

K×p∞ ⊆ O×
K .

Suppose, moreover, that K is of rank 1, and the residue field of K is of characteristic p. Then it follows
immediately from Lemma 1.7, (ii), that the natural composite map

K×p∞ ⊆ O×
K ↠ (OK/mK)×

is injective.
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Next, let K†, K‡ be mixed characteristic valuation fields of rank 1 of residue characteristic p whose
value groups are p-reduced;

α :MK†
∼→ MK‡

a set-theoretic bijection satisfying the following conditions:

(1) α(mK†) = mK‡ .

(2) For each x, y ∈MK† , there exists an element z ∈ (K‡)×p∞ such that

α(xy) = z · α(x) · α(y).

(3) α fits into a commutative diagram of sets

MK†
∼−−−−→
α

MK‡

r
K†

y≀ r
K‡

y≀

MK†
∼−−−−→
α

MK‡ .

In the remainder of the present section [except Corollary 5.10 below], we investigate an algebraicity
of the set-theoretic bijection α.

Lemma 5.2. The following hold:

(i) Let x, y ∈ mK† (⊆MK†) be elements. Then it holds that

α(x+ y − xy) = α(x) + α(y)− α(x) · α(y).

(ii) α(0) = 0, and α(1) = 1.

Proof. First, we verify assertion (i). Note that it follows immediately from condition (1) that α(1+mK†) =
1+mK‡ . Then it follows immediately from condition (2), together with Remark 5.1.2, that the restriction
of α to 1 +mK† is a multiplicative bijection. In particular, since 1− x, 1− y ∈ 1 +mK† , it holds that

α((1− x)(1− y)) = α(1− x) · α(1− y).

On the other hand, it follows from condition (3) that

α(1− x) · α(1− y) = (1− α(x))(1− α(y)) = 1− α(x)− α(y) + α(x) · α(y),

and
α((1− x)(1− y)) = α(1− (x+ y − xy)) = 1− α(x+ y − xy).

Thus, by combining these equalities, we conclude that

α(x+ y − xy) = α(x) + α(y)− α(x) · α(y),

as desired. This completes the proof of assertion (i).
Next, we verify assertion (ii). If we take x and y to be 0 in the equality of assertion (i), then

α(0) = α(0)2. Then it follows immediately from condition (1) that α(0) = 0. Thus, we conclude from
condition (3) that α(1) = 1. This completes the proof of assertion (ii), hence of Lemma 5.2.
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Lemma 5.3. Let x, y ∈MK† be such that vp(y) > vp(x). Then it holds that

vp(α(y)) > vp(α(x)).

Proof. Indeed, since vp(y) > vp(x), it holds that x
−1y ∈ mK† (⊆MK†). Then it follows immediately from

condition (2) that there exists an element z ∈ (K‡)×p∞ such that

α(y) = α(x · x−1y) = z · α(x) · α(x−1y).

Thus, we conclude from Remark 5.1.2 that vp(α(y)) = vp(α(x)) + vp(α(x
−1y)), hence that vp(α(y)) >

vp(α(x)) [cf. condition (1)]. This completes the proof of Lemma 5.3.

Lemma 5.4. Let x ∈MK†, y ∈ 1 +mK† be elements. Then it holds that

α(xy) = α(x) · α(y).

Proof. First, suppose that x ∈ 1 + mK† . Then it follows immediately from condition (2), together with
Remark 5.1.2, that α(xy) = α(x) ·α(y). Thus, in light of Lemma 5.2, (ii), we may assume without loss of
generality that

x ∈ mK† \ {0}.

Next, let w ∈ mK† be such that vp(w) > vp(x). Then it follows immediately from conditions (2), (3),
that there exists an element z ∈ (K‡)×p∞ such that

α(x+ w − xw) = α(x · (1 + x−1w − w))
= z · α(x) · α(1 + x−1w − w)
= z · α(x) · α(1− x−1w · (x− 1))

= z · α(x) · (1− α(x−1w · (x− 1))).

On the other hand, by applying Lemma 5.2, (i), we have

α(x+ w − xw) = α(x) + α(w)− α(x) · α(w).

Thus, by combining the above equalities, we conclude that

(1− z) · α(x) = α(x) · α(w)− α(w)− z · α(x) · α(x−1w · (x− 1)).

Next, in light of Lemma 5.3, since vp(w) > vp(x), we observe that

vp(α(x) · α(x−1w · (x− 1))) > vp(α(x)), vp(α(x) · α(w)) > vp(α(w)) > vp(α(x)).

In particular, it holds that 1− z ∈ mK‡ . However, this immediately implies that z = 1 [cf. Remark 5.1.2].
In summary, it follows from the second equality in the second display in the present proof that

α(x · (1 + x−1w − w)) = α(x) · α(1 + x−1w − w).

Then, by replacing w by x(1−y)
x−1 [where we note that vp(

x(1−y)
x−1 ) > vp(x)], we obtain the equality

α(xy) = α(x) · α(y),

as desired. This completes the proof of Lemma 5.4.
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Lemma 5.5. Let x ∈ mK†, y ∈ 1 +mK† be elements. Then it holds that

α(x+ y − xy) = α(x) + α(y)− α(x)α(y).

Proof. In light of Lemma 5.4, Lemma 5.5 follows from a similar argument to the argument applied in the
proof of Lemma 5.2, (i).

Lemma 5.6. Let x ∈ mK†, y ∈ 1 +mK† be elements. Then it holds that

α(x+ y) = α(x) + α(y).

Proof. First, since x ∈ mK† , y ∈ 1 + mK† , we observe that x + y, 1 − xy
x+y ∈ 1 + mK† . Then it follows

immediately from Lemma 5.4, together with condition (3), that

α(x+ y − xy) = α

(
(x+ y) ·

(
1− xy

x+ y

))
= α(x+ y) · α

(
1− xy

x+ y

)
= α(x+ y) ·

(
1− α

(
xy

x+ y

))
= α(x+ y)− α(xy).

Thus, we conclude from Lemmas 5.4, 5.5, that

α(x+ y) = α(x) + α(y).

This completes the proof of Lemma 5.6.

Lemma 5.7. Let x ∈ mK† be an element. Then it holds that

α(−x) = −α(x).

Proof. Note that −x ∈ mK† , 1 ∈ 1 + mK† . Then it follows immediately from Lemmas 5.2, (ii); 5.6,
together with condition (3), that 1−α(x) = α(−x+1) = α(−x) +α(1) = α(−x) + 1. Thus, we conclude
that α(−x) = −α(x). This completes the proof of Lemma 5.7.

Proposition 5.8. Let x, y ∈ mK† be elements. Then the following hold:

(i) α(x+ y) = α(x) + α(y).

(ii) α(xy) = α(x) · α(y).

Proof. First, we verify assertion (i). Observe that it follows immediately from Lemmas 5.2, (ii); 5.6, that

1 + α(x+ y) = α(1 + x+ y)

= α(x) + α(1 + y)

= α(x) + 1 + α(y).

Thus, we conclude that α(x+ y) = α(x) + α(y). This completes the proof of assertion (i).
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Next, we verify assertion (ii). Note that x, y,−xy ∈ mK† . Then it follows immediately from Lemmas
5.2, (i); 5.7, together with assertion (i), that

α(x) + α(y)− α(x) · α(y) = α(x+ y − xy)
= α(x) + α(y) + α(−xy)
= α(x) + α(y)− α(xy).

In particular, it holds that α(xy) = α(x) · α(y). This completes the proof of assertion (ii), hence of
Proposition 5.8.

Lemma 5.9. It holds that
α(p) = p.

Proof. Note that p ∈ mK† . Then, by applying Proposition 5.8, (i), repeatedly, we observe that α(p2) =
p ·α(p). On the other hand, it follows from Proposition 5.8, (ii), that α(p2) = α(p)2. Thus, since α(p) ̸= 0
[cf. Lemma 5.2, (ii)], we conclude that α(p) = p. This completes the proof of Lemma 5.9.

Corollary 5.10. Let K†, K‡ be mixed characteristic Henselian rank 1 valuation fields of residue char-
acteristic p whose value groups are p-reduced. For each ∗ ∈ {†, ‡}, write K∗ ⊆ (K∗)p (⊆ K

∗
) for the

maximal pro-p extension. Let

σ : GK†
∼→ GK‡ (respectively, σp : Gp

K†
∼→ Gp

K‡ )

be an isomorphism of profinite groups;

α :M
K

†
∼→ M

K
‡ (respectively, αp :M(K†)p

∼→ M(K‡)p )

a set-theoretic bijection. Suppose that the following conditions hold:

(1) α and σ (respectively, αp and σp) are compatible with the respective natural actions of GK†, GK‡

(respectively, Gp
K†, G

p
K‡) on M

K
†, M

K
‡ (respectively, M(K†)p, M(K‡)p).

(2) α(m
K

†) = m
K

‡ (respectively, αp(m(K†)p) = m(K‡)p).

(3) Let K† ⊆ L† (⊆ K
†
) (respectively, K† ⊆ L† (⊆ (K†)p)) be a finite field extension. Write K‡ ⊆

L‡ (⊆ K
‡
) (respectively, K‡ ⊆ L‡ (⊆ (K‡)p)) for the finite field extension determined by the open

subgroup σ(GL†) ⊆ GK‡ (respectively, σp(Gp
L†) ⊆ Gp

K‡). Then, for each x, y ∈ML†, there exists an

element z ∈ (L‡)×p∞ such that

α(xy) = z · α(x) · α(y) (respectively, αp(xy) = z · αp(x) · αp(y) ).

(4) α (respectively, αp) fits into a commutative diagram of sets

M
K

†
∼−−−−→
α

M
K

‡

r
K

†

y≀ r
K

‡

y≀

M
K

†
∼−−−−→
α

M
K

‡

(respectively,

M(K†)p
∼−−−−→
αp

M(K†)p

r
(K†)p

y≀ r
(K†)p

y≀

M(K†)p
∼−−−−→
αp

M(K‡)p).
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Then σ (respectively, σp) arises from a [uniquely determined] commutative diagram of fields

K
† ∼←−−−− K

‡x x
K† ∼←−−−− K‡

(respectively,

(K†)p
∼←−−−− (K‡)px x

K† ∼←−−−− K‡),

where the vertical arrows denote the natural injections.

Proof. Since the proof of the resp’d case is similar to the proof of the non-resp’d case, we verify the

non-resp’d case only. Let x ∈ K
†
be an element; i a positive integer such that pix ∈ m

K
† . Write

β(x)
def
= α(pix)

pi
∈ K

‡
. Observe that it follows immediately from Proposition 5.8, (ii); Lemma 5.9, that

β(x) is independent of the choice of i. Then, by assigning x to β(x), we obtain a set-theoretic bijection

β : K
† ∼→ K

‡

that is compatible with σ : GK†
∼→ GK‡ and the respective natural actions of GK† , GK‡ on K

†
, K

‡
[cf.

condition (1)]. Thus, in light of conditions (2), (3), (4), we conclude from Proposition 5.8; Lemma 5.9,
together with the construction of β, that β is an isomorphism of fields. Finally, since β is compatible
with σ with respect to the natural actions, we observe that σ arises from β, as desired. This completes
the proof of Corollary 5.10.

Remark 5.10.1. In light of the automatic algebraicity of certain exotic set-theoretic objects, the algebraic-
ity criterion proved in this section shares a similar spirit with the algebraicity criterion proved in [26], §3,
via the notion of quasi-rational functions.

6 Pro-p absolute Grothendieck Conjecture for hyperbolic curves of
genus 0 over mixed characteristic Henselian discrete valuation fields
of residue characteristic p

Let p be a prime number. In the present section, by applying Corollary 5.10, we prove the geometri-
cally pro-p version of the absolute Grothendieck Conjecture for hyperbolic curves of genus 0 over mixed
characteristic Henselian discrete valuation fields of residue characteristic p under the assumption on the
preservation of the decomposition groups associated to closed points. Note that since we consider arbi-
trary mixed characteristic [possibly, non-complete!] Henselian discrete valuation field, this assumption
may not be dropped in general. Moreover, we also discuss an arithmetically pro-p analogue of these results
under the assumption that the base fields contain a primitive p-th root of unity.

Definition 6.1. Let K be a field of characteristic 0. Then:
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(i) We shall write

K̂× def
= lim←−

n≥1

K×/(K×)p
n
; ΛK

def
= lim←−

n≥1

µpn(K); XK
def
= P1

K\{0, 1,∞},

where n ranges over the positive integers.

(ii) We shall write

r
(p)
XK

: Π
(p)
XK

∼→ Π
(p)
XK

for the ∆p
XK

-outer automorphism that lies over the identity automorphism of GK determined by

the automorphism XK
∼→ XK over K that maps (0, 1,∞) 7→ (1, 0,∞).

(iii) Suppose that ζp ∈ K. [Thus, we have a natural exact sequence 1 → ∆p
XK
→ Πp

XK
→ Gp

K → 1 of
profinite groups.] Then we shall write

rpXK
: Πp

XK

∼→ Πp
XK

for the ∆p
XK

-outer automorphism that lies over the identity automorphism of Gp
K determined by

the automorphism XK
∼→ XK over K that maps (0, 1,∞) 7→ (1, 0,∞).

(iv) We shall write

Π
(p-ab)
XK

for the quotient of Π
(p)
XK

by the kernel of the natural surjection ∆p
XK

↠ (∆p
XK

)ab.

(v) Suppose that ζp ∈ K. Then we shall write

Πp-ab
XK

for the quotient of Πp
XK

by the kernel of the natural surjection ∆p
XK

↠ (∆p
XK

)ab.

Proposition 6.2. Let K†, K‡ be mixed characteristic Henselian discrete valuation fields of residue char-
acteristic p. Then the following hold:

(i) Let

f : Π
(p)
X

K†

∼→ Π
(p)
X

K‡

be an isomorphism of profinite groups. Then f induces a bijection between the respective sets of
cuspidal inertia subgroups. In particular, this bijection induces a bijection

fc : {0, 1,∞}
∼→ {0, 1,∞}.

Suppose that fc is the identity automorphism. Then it holds that

r
(p)
X

K‡
◦ f = f ◦ r

(p)
X

K†
,

where we regard the both sides of the equality as ∆p
X

K‡
-outer isomorphisms.

28



(ii) Suppose that ζp ∈ K†, and ζp ∈ K‡. Let

fp : Πp
X

K†

∼→ Πp
X

K‡

be an isomorphism of profinite groups. Then fp induces a bijection between the respective sets of
cuspidal inertia subgroups. In particular, this bijection induces a bijection

fpc : {0, 1,∞} ∼→ {0, 1,∞}.

Suppose that fpc is the identity automorphism. Then it holds that

rpX
K‡
◦ fp = fp ◦ rpX

K†
,

where we regard the both sides of the equality as ∆p
X

K‡
-outer isomorphisms.

Proof. First, we observe that it follows from [11], Corollary 4.6 (respectively, [25], Theorem A, (ii)) that
f (respectively, fp) induces an isomorphism GK†

∼→ GK‡ (respectively, Gp
K†

∼→ Gp
K‡) via the natural

surjections Π
(p)
X

K†
↠ GK† and Π

(p)
X

K‡
↠ GK‡ (respectively, Πp

X
K†

↠ Gp
K† and Πp

X
K‡

↠ Gp
K‡). Then since

the p-adic cyclotomic character associated to a mixed characteristic discrete valuation field of residue
characteristic p is open, the respective assertions concerning the preservations of cuspidal inertia subgroups
follow immediately from [16], Corollary 2.7, (i). Next, write

g
def
= (r

(p)
X

K†
)−1 ◦ f−1 ◦ r(p)X

K‡
◦ f (respectively, gp

def
= (rpX

K†
)−1 ◦ (fp)−1 ◦ rpX

K‡
◦ fp ).

Then it holds that g (respectively, gp) is a ∆p
X

K†
-outer automorphism of Π

(p)
X

K†
(respectively, Πp

X
K†

)

that lies over the identity automorphism of GK† (respectively, Gp
K†). Moreover, since fc (respectively,

fpc ) is the identity automorphism, it holds that g (respectively, gp) induces the identity automorphism

on the set of conjugacy classes of cuspidal inertia subgroups of Π
(p)
X

K†
(respectively, Πp

X
K†

). Thus, we

conclude from Theorem 4.3 that g (respectively, gp) is the identity ∆p
X

K†
-outer automorphism, hence that

r
(p)
X

K‡
◦ f = f ◦ r(p)X

K†
(respectively, rpX

K‡
◦ fp = fp ◦ rpX

K†
) as ∆p

X
K‡

-outer isomorphisms. This completes

the proof of Proposition 6.2.

Definition 6.3. Let H, G be profinite groups; ϕ : H ↠ G a continuous surjective homomorphism. Then
we shall write

Sect(H ↠ G)

for the set of equivalence classes of sections of ϕ, where we consider two such sections to be equivalent if
they differ by composition with an inner automorphism induced by an element of Ker(ϕ).

Proposition 6.4. Let K be a mixed characteristic valuation field of rank 1 of residue characteristic p

whose value group is p-reduced. Write MK
def
= mK ∪ 1+mK [cf. Definition 5.1]. Then the following hold:

(i) The natural composite map

s :MK \ {0, 1} ⊆ K \ {0, 1} = XK(K) −→ Sect(Π
(p-ab)
XK

↠ GK)

is injective.
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(ii) Suppose that ζp ∈ K. Then the natural composite map

s :MK \ {0, 1} ⊆ K \ {0, 1} = XK(K) −→ Sect(Πp-ab
XK

↠ Gp
K)

is injective.

Proof. To verify assertion (i), by replacing K by a finite extension field of K [cf. Lemma 1.7, (i)], we may
assume without loss of generality that ζp ∈ K. Thus, to verify assertion (i), it suffices to verify assertion
(ii).

Next, we verify assertion (ii). Write

h : K \ {0, 1} = XK(K) −→ Sect(Πp-ab
XK

↠ Gp
K) −→ H1(Gp

K ,ΛK)
∼← K̂×

for the natural composite map, where the second arrow denotes the natural map induced by the natural
open immersionXK ↪→ P1

K\{0,∞} overK and the splitting of the surjection Πp
P1
K\{0,∞} ↠ Gp

K determined

by a cuspidal inertia subgroup of ∆p
XK

associated to the cusp 1; the third arrow denotes the Kummer

map. It follows from Proposition 2.5 that the map h coincides with the natural map K \ {0, 1} → K̂×.
Let x, y ∈MK be such that s(x) = s(y). Then it holds that

h(x) = h(y), h(1− x) = h(1− y).

In particular, there exist s, t ∈ K×p∞ such that

y = sx, 1− y = t · (1− x).

If x ∈ 1 + mK , then since MK ∋ y = sx, it follows from Remark 5.1.2 that s = 1, hence that x = y. If
x ∈ mK , then since MK ∋ 1 − y = t(1 − x), it follows from Remark 5.1.2 that t = 1, hence that x = y.
This completes the proof of assertion (ii), hence of Proposition 6.4.

Lemma 6.5. Let l be a prime number ̸= p; K a Henselian discrete valuation field of residue characteristic
p. Then the l-th power map on 1 +mK is an isomorphism.

Proof. In the case where K is complete, the assertion follows immediately from the fact that 1 + mK

admits the natural structure of a Zp-module. On the other hand, since K is Henselian, it holds that K is
separably closed in the completion of K. Thus, the general Henselian case follows immediately from the
complete case. This completes the proof of Lemma 6.5.

Proposition 6.6. Let K†, K‡ be Henselian discrete valuation fields of residue characteristic p;

σ : (K†)×/(K†)×p∞ ∼→ (K‡)×/(K‡)×p∞

an isomorphism of groups. For each ∗ ∈ {†, ‡}, we regard 1 +mK∗ as a subgroup of (K∗)×/(K∗)×p∞ [cf.
Remark 5.1.2]. Then the following hold:

(i) σ(1 +mK†) ⊆ O×
K‡/(K

‡)×p∞.

(ii) Suppose that the residue fields of K† and K‡ are perfect. Then σ(O×
K†/(K

†)×p∞) = O×
K‡/(K

‡)×p∞.
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Proof. Note that, for each prime number l, it holds that Z admits no nontrivial l-divisible elements. Then
assertion (i) follows immediately from Lemma 6.5. Next, we verify assertion (ii). In light of assertion (i),
it suffices to verify that, for each ∗ ∈ {†, ‡}, there exists no nontrivial homomorphism O×

K∗/(1+mK∗)→ Z.
On the other hand, since the residue field is perfect, it holds that O×

K∗/(1 + mK∗) is p-divisible. This
implies our conclusion, as desired. This completes the proof of assertion (ii), hence of Proposition 6.6.

Lemma 6.7. Let K be a mixed characteristic Henselian valuation field of rank 1 of residue characteristic
p; π ∈ K an element such that vp(π) =

1
p−1 ; λ ∈ K. Write

f(t)
def
= 1− (1− πt)p ∈ K[t],

where t denotes an indeterminate. Then the following hold:

(i) Suppose that vp(λ) > 2. Then there exists a unique root λ′ ∈ K of the equation f(t) − λ = 0 such
that vp(λ

′) > 0.

(ii) Suppose that vp(λ) = 0. Then, for each root λ′ ∈ K of the equation f(t) − λ = 0, it holds that
vp(λ

′) < 0.

Proof. Write f(t) =
∑

1≤i≤p ait
i, where ai ∈ K. Then, for each positive integer i ≤ p, it holds that

ai = (−1)i−1
(
p
i

)
πi. In particular, since vp(π) =

1
p−1 , and vp(

(
p
i

)
) = 1 for each positive integer i ≤ p − 1,

one may observe that:

• vp(a1) = vp(ap) =
p

p−1 .

• For each positive integer i ≤ p, it holds that p
p−1 ≤ vp(ai) ≤ 2.

Thus, in light of respective assumptions on λ, assertions (i), (ii) follow immediately from the well-known
property of the Newton polygon associated to the polynomial f(t)−λ. This completes the proof of Lemma
6.7.

Proposition 6.8. The following hold:

(i) In the notation of Proposition 6.2, (i), write

σ : GK†
∼→ GK‡

for the isomorphism of profinite groups induced by f [cf. the proof of Proposition 6.2, (i)];

f (p-ab) : Π
(p-ab)
X

K†

∼→ Π
(p-ab)
X

K‡

for the isomorphism induced by f . Suppose that one of the following conditions holds:

(a) f induces a bijection between the respective sets of the decomposition subgroups associated to
the closed points of hyperbolic curves XK† and XK‡.

(b) The residue fields of K† and K‡ are perfect, and f (p-ab) induces a bijection between the respective
sets of the decomposition subgroups associated to the closed points of hyperbolic curves XK† and
XK‡.
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Then σ arises from a [uniquely determined] commutative diagram of fields

K
† ∼←−−−− K

‡x x
K† ∼←−−−− K‡,

where the vertical arrows denote the natural injections.

(ii) In the notation and assumption of Proposition 6.2, (ii), write

σp : Gp
K†

∼→ Gp
K‡

for the isomorphism of profinite groups induced by fp [cf. the proof of Proposition 6.2, (ii)];

fp-ab : Πp-ab
X

K†

∼→ Πp-ab
X

K‡

for the isomorphism induced by fp. Suppose that one of the following conditions holds:

(a) fp induces a bijection between the respective sets of the decomposition subgroups associated to
the closed points of hyperbolic curves XK† and XK‡.

(b) The residue fields of K† and K‡ are perfect, and fp-ab induces a bijection between the respective
sets of the decomposition subgroups associated to the closed points of hyperbolic curves XK† and
XK‡.

Then σp arises from a [uniquely determined] commutative diagram of fields

(K†)p
∼←−−−− (K‡)px x

K† ∼←−−−− K‡,

where the vertical arrows denote the natural injections.

Proof. Since the proof of assertion (ii) is similar to the proof of assertion (i), we verify assertion (i) only.
In light of Corollary 5.10, it suffices to verify that there exists a set-theoretic bijection

α :M
K

†
∼→ M

K
‡

that satisfies conditions (1), (2), (3), (4), that appear in Corollary 5.10.

Let K† ⊆ L† (⊆ K
†
) be a finite field extension; x ∈ ML† \ {0, 1}; Dx ⊆ Π

(p-ab)
X

K†
a decomposition

subgroup associated to x ∈ ML† \ {0, 1} ⊆ L† \ {0, 1} = XK†(L†). Write K‡ ⊆ L‡ (⊆ K
‡
) for the

finite field extension determined by the open subgroup σ(GL†) ⊆ GK‡ . For each ∗ ∈ {†, ‡}, write

F ∗ ⊆ Sect(Π
(p-ab)
XL∗ ↠ GL∗) for the subset of decomposition subgroups associated to the points ∈ XK∗(L∗).

Then it follows immediately from our assumption [i.e., conditions (a), (b)] that f induces a commutative
diagram

F † −−−−→ Sect(Π
(p-ab)
X

L†
↠ GL†) −−−−→ H1(GL† ,ΛK†)

∼←−−−− L̂†
×y≀

y≀
y≀

y≀

F ‡ −−−−→ Sect(Π
(p-ab)
X

L‡
↠ GL‡) −−−−→ H1(GL‡ ,ΛK‡)

∼←−−−− L̂‡
×
,
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where the left-hand horizontal arrows denote the natural injections; the middle horizontal arrows denote
the natural maps [cf. the first display in the proof of Proposition 6.4]; the right-hand horizontal arrows de-
note the Kummer maps. Note that the commutativity of the above diagram implies that the isomorphism

L̂†
× ∼→ L̂‡

×
[that appears in the above commutative diagram] induces an isomorphism

ϕ : (L†)×/(L†)×p∞ ∼→ (L‡)×/(L‡)×p∞ .

Recall that, in the case where condition (a) (respectively, condition (b)) holds, it follows from Proposition
6.6, (i) (respectively, Proposition 6.6, (ii)), that ϕ(1+mL†) ⊆ O×

L‡/(L
‡)×p∞ (respectively, ϕ(O×

L†/(L
†)×p∞) =

O×
L‡/(L

‡)×p∞). Next, we verify the following assertion:

Claim 6.8.A: f (p-ab)(Dx) ⊆ Π
(p-ab)
X

K‡
is a decomposition subgroup associated to a unique element

∈ML‡ \ {0, 1} ⊆ L‡ \ {0, 1} = XK‡(L‡). Moreover, if x ∈ mL† , then y ∈ mL‡ .

Indeed, the uniqueness portion follows immediately from Proposition 6.4, (i). Next, let y ∈ L‡ \ {0, 1} be
such that f (p-ab)(Dx) ⊆ Π

(p-ab)
X

K‡
is a decomposition subgroup associated to y. Then since ϕ(1 + mL†) ⊆

O×
L‡/(L

‡)×p∞ , it follows immediately from Proposition 6.2, (i), that

y ∈ OL‡ \ {0, 1}.

Moreover, in light of Proposition 6.2, (i), we may assume without loss of generality that

x ∈ mL† .

In particular, since y ∈ OL‡ \ {0, 1}, it suffices to verify that y ̸∈ O×
L‡ . In the case where condition (b)

holds, since ϕ(O×
L†/(L

†)×p∞) = O×
L‡/(L

‡)×p∞ , it follows immediately from the various definitions involved

that y ̸∈ O×
L‡ .

Next, we consider the case where condition (a) holds. Suppose that y ∈ O×
L‡ . Then observe that f

maps a decomposition subgroup associated to x to a decomposition subgroup associated to a unit. Then,
by replacing x, y by a suitable power of x, a unit, respectively, we may assume without loss of generality
that

• vp(x) > 2, and

• f maps a decomposition subgroup associated to x to a decomposition subgroup associated to y.

Moreover, by replacing L† by a finite extension field of L†, if necessary, we may assume without loss of
generality that ζp ∈ L†, and ζp ∈ L‡. In the remainder, we shall use t for the standard coordinate of the
projective line. For each ∗ ∈ {†, ‡} and each positive integer i ≤ p− 1, write

ψi
L∗ : P1

L∗ ⊇ Y i
L∗ −→ XL∗ ⊆ P1

L∗

for the [connected] finite étale cyclic covering over L∗ of hyperbolic curves of genus 0 determined by the
assignment

t 7→ 1− (1− (1− ζip)t)p.

Then since vp(x) > 2, vp(y) = 0, and vp(1 − ζip) = 1
p−1 , after possibly replacing L† by a finite extension

field of L†, by applying Lemma 6.7, (i), (ii), we observe that:

• For each ∗ ∈ {†, ‡}, it holds that ψi
L∗(0) = ψi

L∗(1) = 0, and ψi
L∗(∞) =∞.

• There exists an element x′ ∈ (ψi
L†)

−1(x) ⊆ Y i
L†(L

†) ⊆ L† such that vp(x
′) > 0.
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• Let y′ ∈ (ψi
L‡)

−1(y) ⊆ Y i
L‡(L

‡) ⊆ L‡ be an element. Then it holds that vp(y
′) < 0.

On the other hand, we note that ψi
L∗ may be characterized [up to isomorphisms of coverings] as the finite

étale cyclic covering over L† of degree p such that

• ψi
L∗ is unramified over 0, and

• ψi
L∗ is totally ramified over 1, ∞.

Then, by replacing f by the composite of f with the inner automorphism of Π
(p)
X

K‡
determined by an

element ∈ ∆p
X

K‡
, if necessary, we observe that there exists a positive integer j ≤ p−1 such that f induces

an isomorphism of profinite groups

fY : Π
(p)

Y 1
L†

∼→ Π
(p)

Y j

L‡

such that:

(∗1) fY maps a cuspidal inertia subgroup associated to c ∈ {0, 1,∞} to a cuspidal inertia subgroup
associated to c.

(∗2) fY maps a decomposition subgroup associated to ∈ mL† to a decomposition subgroup associated to
∈ L‡ \ OL‡ .

Moreover, in light of (∗1), it follows immediately from Theorem 4.3 that fY fits into a commutative
diagram of profinite groups

Π
(p)

Y 1
L†

∼−−−−→
fY

Π
(p)

Y j

L‡y y
Π

(p)
X

L†

∼−−−−→
f

Π
(p)
X

L‡
,

where the vertical arrows denote the [geometrically outer] surjections induced by the natural open im-
mersions Y 1

L† ↪→ XL† , Y
j
L‡ ↪→ XL‡ . Thus, we conclude from (∗2) that f maps a decomposition subgroup

associated to ∈ mL† to a decomposition subgroup associated to ∈ L‡ \ OL‡ . This contradicts the first
display of the present proof of Claim 6.8.A. Thus, we conclude that y ̸∈ O×

L‡ . This completes the proof
of Claim 6.8.A.

Finally, by assigning x to the unique element in Claim 6.8.A, we obtain a bijection

αL :ML†
∼→ ML‡ ,

where αL(0)
def
= 0; αL(1)

def
= 1. Moreover, it follows immediately from the various definitions involved

that:

(1) αL and the isomorphism Gal(L†/K†)
∼→ Gal(L‡/K‡) induced by σ are compatible with the respec-

tive natural actions of Gal(L†/K†), Gal(L‡/K‡) on ML† , ML‡ .

(2) αL(mL†) = mL‡ [cf. Claim 6.8.A].

(3) For each x, y ∈ ML† , there exists an element z ∈ (L‡)×p∞ such that αL(xy) = z · αL(x) · αL(y) [cf.
the existence of ϕ].
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(4) αL fits into a commutative diagram

ML†
∼−−−−→
αL

ML‡

r
L†

y≀ r
L‡

y≀

ML†
∼−−−−→
αL

ML‡

[cf. Proposition 6.4, (i)].

Thus, by varying L, we obtain a set-theoretic bijection α : M
K

†
∼→ M

K
‡ that satisfies conditions (1),

(2), (3), (4), that appear in Corollary 5.10, as desired. This completes the proof of Proposition 6.8.

Next, we recall a well-known fact concerning automorphisms of “anabelian” profinite groups.

Lemma 6.9. Let G be a slim profinite group [i.e., a profinite group such that every open subgroup is
center-free]; σ ∈ Aut(G). Suppose that σ induces the identity automorphism on a nontrivial normal open
subgroup N ⊆ G. Then σ is the identity automorphism.

Proof. Note that since G is slim, it follows immediately from the various definitions involved that the
natural homomorphism G → Aut(N) obtained by taking conjugates is injective. On the other hand,
since σ induces the identity automorphism on N , we observe that σ induces the identity automorphism
on Aut(N) compatible with the injection G ↪→ Aut(N). Thus, we conclude that σ is the identity
automorphism. This completes the proof of Lemma 6.9.

Definition 6.10. Let G1, G2 be profinite groups. Then we shall write

Isom(G1, G2)/Inn(G2)

for the set of isomorphisms G1
∼→ G2 of profinite groups, considered up to composition with an inner

automorphism arising from an element ∈ G2.

Theorem 6.11. Let K†, K‡ be mixed characteristic Henselian discrete valuation fields of residue char-
acteristic p; U †, U ‡ hyperbolic curves of genus 0 over K†, K‡, respectively. Write

Isom(U †, U ‡)

for the set of isomorphisms of schemes between U † and U ‡. Then the following hold:

(i) Write

IsomD(Π
(p)

U† ,Π
(p)

U‡ )/Inn(Π
(p)

U‡ ) ⊆ Isom(Π
(p)

U† ,Π
(p)

U‡ )/Inn(Π
(p)

U‡ )

for the subset of outer isomorphisms that induce bijections between the respective sets of conjugacy
classes of decomposition subgroups associated to the closed points of the hyperbolic curves U † and
U ‡. Then the natural map

Isom(U †, U ‡) −→ IsomD(Π
(p)

U† ,Π
(p)

U‡ )/Inn(Π
(p)

U‡ )

is bijective.

(ii) Suppose that, for each ∗ ∈ {†, ‡}, it holds that:
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• ζp ∈ K∗.

• The cusps of U∗ are (K∗)p-rational.

Write
IsomD(Πp

U† ,Π
p
U‡)/Inn(Π

p
U‡) ⊆ Isom(Πp

U† ,Π
p
U‡)/Inn(Π

p
U‡)

for the subset of outer isomorphisms that induce bijections between the respective sets of conjugacy
classes of decomposition subgroups associated to the closed points of the hyperbolic curves U † and
U ‡. Then the natural map

Isom(U †, U ‡) −→ IsomD(Πp
U† ,Π

p
U‡)/Inn(Π

p
U‡)

is bijective.

Proof. First, we verify assertion (i). Note that any isomorphism of schemes between U † and U ‡ necessarily
lies over an isomorphism of fields between K† and K‡. [Indeed, this follows immediately by considering
subgroups of the groups of units Γ(U †,O×

U†), Γ(U
‡,O×

U‡) whose unions with {0} are closed under addition.]
Then, in light of [10], Theorem, (4), the injectivity follows immediately from Theorem 4.3. Next, we verify
the surjectivity. It follows immediately from the various definitions involved that we may assume without
loss of generality that

IsomD(Π
(p)

U† ,Π
(p)

U‡ )/Inn(Π
(p)

U‡ ) ̸= ∅.

Let f ∈ IsomD(Π
(p)

U† ,Π
(p)

U‡ )/Inn(Π
(p)

U‡ ); f̃ : Π
(p)

U†
∼→ Π

(p)

U‡ a lifting of f . Then f̃ induces an isomorphism

σ : GK†
∼→ GK‡

of profinite groups [cf. [11], Corollary 4.6]. Therefore, since the p-adic cyclotomic character associated
to a mixed characteristic discrete valuation field of residue characteristic p is open, it follows from [16],
Corollary 2.7, (i), that f̃ induces a bijection between the respective sets of cuspidal inertia subgroups of

Π
(p)

U† , Π
(p)

U‡ . On the other hand, recall that GK† is slim [cf. [11], Theorem C]. Then, to verify that f̃ arises

from an isomorphism U † ∼→ U ‡ of schemes, in light of Lemma 6.9, by replacing K†, K‡ by suitable finite
extension fields of K†, K‡, respectively, we may assume without loss of generality that, for each ∗ ∈ {†, ‡},
the cusps of U∗ are K∗-rational. Next, observe that, in light of Theorem 4.3, to verify that f̃ arises from
an isomorphism U † ∼→ U ‡ of schemes, it suffices to verify that σ arises from a commutative diagram of
fields

K
† ∼←−−−− K

‡x x
K† ∼←−−−− K‡,

where the vertical arrows denote the natural injections. In particular, since f̃ preserves cuspidal inertia
subgroups, we may assume without loss of generality that U † = XK† , and U ‡ = XK‡ . However, under

this assumption, since f ∈ IsomD(Π
(p)

U† ,Π
(p)

U‡ )/Inn(Π
(p)

U‡ ), the field-theoreticity of σ follows immediately
from Proposition 6.8, (i), as desired. This completes the proof of assertion (i).

Finally, in light of our assumptions in assertion (ii), together with [10], Lemma 1.4; [25], Theorem
A, (ii); Proposition 6.8, (ii), one may observe that assertion (ii) follows from a similar argument to the
argument applied in the proof assertion (i). This completes the proof of Theorem 6.11.

Remark 6.11.1.
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(i) It is natural to ask whether or not the geometrically pro-Σ [where Σ is a set of prime numbers
that contains p] or the higher genus analogue of Theorem 6.11, (i), holds. On the other hand, by
applying Galois descent, one may observe that the geometrically pro-Σ analogue of Theorem 6.11,
(i) follows from the higher genus analogue of Theorem 6.11, (i). In particular, we can restrict our
attention to pro-p settings for the future development.

(ii) With regard to the geometrically pro-Σ [where p ∈ Σ] analogue of Theorem 6.11, (i), suppose that
the cardinality of Σ is of ≥ 2, and the base fields are p-adic local fields. Then one may prove a much
stronger result, i.e., the geometrically pro-Σ absolute version of the Grothendieck Conjecture for
arbitrary hyperbolic curves [cf. [20], Theorem D]. On the other hand, in the proof of [20], Theorem
D, the assumption on the cardinality of Σ may be applied both

• in establishing RNS [i.e., “Resolution of Nonsingularities”] for hyperbolic curves over p-adic
local fields, and

• in reconstructing the underlying topological spaces of the Berkovich analytifications of hyper-
bolic curves over p-adic local fields.

At the time of writing of the present paper, the author has no clue to establish geometrically pro-p
analogues of the statements in the above bullets. Moreover, we note that the reconstruction of
topological Berkovich spaces requires combinatorial anabelian geometry that does not work well for
geometrically pro-p fundamental groups over fields of characteristic p. Therefore, it appears to the
author that we need a drastically new idea to verify the preservation of decomposition subgroups
in the geometrically pro-p setting even if the base fields are p-adic local fields.

(iii) Note that the operation of forming the completion of Henselian valuation fields does not change
its absolute Galois group. In particular, for each algebraic variety Z over a Henselian valuation
field M , the natural projection morphism Z

M̂
→ Z induces an isomorphism ΠZ

M̂

∼→ ΠZ , where M̂

denotes the completion of M . On the other hand, the cardinalities of M and M̂ are different in
general. Therefore, in Theorem 6.11, (i), one may not drop the assumption on the preservation of
the decomposition subgroups associated to closed points.

(iv) In the notation of Theorem 6.11, (i), suppose that the residue fields of K† and K‡ are perfect.
Then, in light of Proposition 6.8, (i), one may weaken the assumption on the preservation of the
decomposition subgroups as the preservation of the decomposition subgroups in the level of the
geometrically abelianized setting.

Finally, let K†, K‡ be p-adic local fields. Then we observe that any isomorphism Π
(p)
X

K†

∼→ Π
(p)
X

K‡

induces a bijection between the respective sets of decomposition subgroups in the level of the multiplicative
group scheme Gm.

Proposition 6.12. In the notation of Definition 6.1, the following hold:

(i) Let σ : GK†
∼→ GK‡ be an isomorphism; g : ΛK†

∼→ ΛK‡ an isomorphism compatible with σ and the
respective natural actions of GK†, GK‡ on ΛK†, ΛK‡. Write

σκ : K̂†
× ∼→ H1(GK† ,ΛK†)

∼→ H1(GK‡ ,ΛK‡)
∼← K̂‡

×

for the natural composite, where the first and final arrows denote the Kummer maps; the second
arrow denotes the natural isomorphism determined by σ and g;

σc : K̂†
× ∼→ (Gab

K†)
p ∼→ (Gab

K‡)
p ∼← K̂‡

×
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for the natural composite, where the first and final arrows denote the reciprocity maps; the second
arrow denotes the natural isomorphism determined by σ. Then there exists a unique element lσ,g ∈
Z×
p such that

σc = σ
lσ,g
κ .

(ii) Suppose that ζp ∈ K†. Let σp : Gp
K†

∼→ Gp
K‡ be an isomorphism; gp : ΛK†

∼→ ΛK‡ an isomorphism
compatible with σp and the respective natural actions of Gp

K†, G
p
K‡ on ΛK†, ΛK‡. Write

σpκ : K̂†
× ∼→ H1(Gp

K† ,ΛK†)
∼→ H1(Gp

K‡ ,ΛK‡)
∼← K̂‡

×

for the natural composite, where the first and final arrows denote the Kummer maps; the second
arrow denotes the natural isomorphism determined by σp and gp;

σpc : K̂†
× ∼→ (Gp

K†)
ab ∼→ (Gp

K‡)
ab ∼← K̂‡

×

for the natural composite, where the first and final arrows denote the reciprocity maps; the second
arrow denotes the natural isomorphism determined by σp. Then there exists a unique element
lσp,gp ∈ Z×

p such that

σpc = (σpκ)
lσp,gp .

Proof. Assertions (i), (ii) follow immediately from local Tate duality [cf. [22], Theorem 7.2.6; [22], Propo-
sition 7.5.8]. This completes the proof of Proposition 6.12.

Proposition 6.13. The following hold:

(i) In the notation of Propositions 6.2, (i); 6.12, (i), suppose that

σ : GK†
∼→ GK‡

is the isomorphism induced by f via the natural surjections Π
(p)
X

K†
↠ GK† and Π

(p)
X

K‡
↠ GK‡ [cf.

[17], Theorem 2.6, (v)], and
g : ΛK†

∼→ ΛK‡

is the isomorphism determined by the isomorphisms of cuspidal inertia subgroups induced by f .
[Note that g is compatible with σ and the respective natural actions of GK†, GK‡ on ΛK†, ΛK‡.]
Then it holds that

lσ,g = 1.

In particular, since σc induces a bijection between the images of the multiplicative groups of p-adic
local fields K†, K‡ [cf. e.g., [15], Proposition 1.2.1, (iii)], one concludes that σκ also induces a
bijection between the images of the multiplicative groups of p-adic local fields K†, K‡.

(ii) In the notation of Propositions 6.2, (ii); 6.12, (ii), suppose that

σp : Gp
K†

∼→ Gp
K‡

is the isomorphism induced by fp via the natural surjections Πp
X

K†
↠ Gp

K† and Πp
X

K‡
↠ Gp

K‡ [cf.

[25], Theorem A, (ii)], and
gp : ΛK†

∼→ ΛK‡

is the isomorphism determined by the isomorphisms of cuspidal inertia subgroups induced by fp.
[Note that gp is compatible with σp and the respective natural actions of Gp

K†, G
p
K‡ on ΛK†, ΛK‡.]

Suppose, moreover, that σp preserves inertia subgroups and Frobenius liftings. Then it holds that

lσp,gp = 1.
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Proof. First, we verify assertion (i). By replacing K†, K‡ by respective finite extension fields of K†, K‡,
we may assume without loss of generality that ζp ∈ K†, and ζp ∈ K‡. Write

• (P1
K† ⊇) U † → XK† (⊆ P1

K†) for the connected finite étale covering of XK† of degree p determined
by t 7→ (1− t)p.

• (P1
K‡ ⊇) U ‡ → XK‡ (⊆ P1

K‡) for the connected finite étale covering of XK‡ of degree p determined
by t 7→ (1− t)p.

Let I1 ⊆ ∆p
X

K†
be a cuspidal inertia subgroup associated to the cusp 1. Note that the open subgroup

∆p
U† ⊆ ∆p

X
K†

determined by the covering U † → XK† may be characterized as the unique open subgroup

of index p such that I1 ⊆ ∆p
U† . The open subgroup ∆p

U‡ ⊆ ∆p
X

K‡
determined by the covering U ‡ → XK‡

admits a similar characterization. Thus, since f is compatible with these characterizations, we conclude

that, after possibly replacing f by the composite of f with the inner automorphism of Π
(p)
X

K‡
determined

by some element ∈ ∆p
X

K‡
, we obtain an isomorphism of profinite groups

fU : Π
(p)

U†
∼→ Π

(p)

U‡

such that

• fU induces the isomorphism σ : GK†
∼→ GK‡ via the natural surjections Π

(p)

U† ↠ GK† and Π
(p)

U‡ ↠
GK‡ ,

• fU maps the cuspidal inertia subgroups of Π
(p)

U† associated to ∗ ∈ {0, 1,∞} to the cuspidal inertia

subgroups of Π
(p)

U‡ associated to ∗.

Write q† : Π
(p)

U† ↠ Π
(p)
X

K†
(respectively, q‡ : Π

(p)

U† ↠ Π
(p)
X

K‡
) for the ∆p

X
K†

-outer (respectively, ∆p
X

K‡
-outer)

surjection that lies over the identity automorphism of GK† (respectively, GK‡) determined by the natural
open immersion U † ↪→ XK† over K† (respectively, U ‡ ↪→ XK‡ over K‡). Then it follows immediately
from [12], Theorem A, that the following diagram

Π
(p)

U†
∼−−−−→
fU

Π
(p)

U‡

q†
y q‡

y
Π

(p)
X

K†

∼−−−−→
f

Π
(p)
X

K‡

commutes. Let I1−ζp ⊆ ∆p
U† be a cuspidal inertia subgroup associated to 1 − ζp. Then there exists a

positive integer i ≤ p − 1 such that f(I1−ζp) ⊆ ∆p
U‡ is a cuspidal inertia subgroup associated to 1 − ζip.

Observe that the image of the normalizer N
Π

(p)

U†
(I1−ζp) (respectively, NΠ

(p)

U‡
(f(I1−ζp))) via q

† (respectively,

q‡) is a decomposition subgroup of Π
(p)
X

K†
(respectively, Π

(p)
X

K‡
) associated to 1− ζp (respectively, 1− ζip).

Thus, f maps the decomposition subgroups associated to 1 − ζp to decomposition subgroups associated
to 1− ζip. In particular, it follows immediately from the various definitions involved that

σκ(1− ζp) = 1− ζip.

On the other hand, it follows immediately from [15], Proposition 1.2.1, (iii), (iv), that there exists an
element u ∈ O×

K‡ such that
σc(1− ζp) = u · (1− ζp).
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Then since σc = σ
lσ,g
κ [cf. Proposition 6.12, (i)], it holds that

u · (1− ζp) = (1− ζip)lσ,g ∈ K̂‡
×
.

Thus, since vp(u · (1− ζp)) = vp(1− ζip), we conclude that lσ,g = 1. This completes the proof of assertion
(i).

Finally, in light of our assumptions on σp, assertion (ii) follows from a similar argument to the argument
applied in the proof of assertion (i). This completes the proof of Proposition 6.13.

Remark 6.13.1. In light of Remark 6.11.1, (iv), together with Proposition 6.13, (i), if the base fields are
p-adic local fields, then it would be interesting to pursue the difference between the assumption on the
preservation of the decomposition subgroups in the level of the geometrically abelianized setting and the
automatic preservation of the decomposition subgroups in the level of Gm.

7 Pro-p absolute Grothendieck Conjecture for configuration spaces
over mixed characteristic Henselian discrete valuation fields of residue
characteristic p

Let p be a prime number. In this section, by applying Theorem 6.11, together with combinatorial
anabelian geometry, we prove a geometrically pro-p absolute Grothendieck Conjecture-type result for
higher dimensional configuration spaces associated to hyperbolic curves over Henselian discrete valuation
fields of residue characteristic p. In the case where the base fields are generalized sub-p-adic fields that
admit Henselian discrete valuations, from the viewpoint of the dimensions of configuration spaces, this
result generalizes Higashiyama’s geometrically pro-p semi-absolute Grothendieck Conjecture-type result
[cf. [4], Theorem 0.1] that depends on the use of the S5-symmetry of the second configuration space
associated to the projective line minus three points.

Definition 7.1. Let n, g, r be positive integers; k a field; X a hyperbolic curve over k of type (g, r), i.e,
the genus of X is g, and the degree of the divisor of cusps is r.

(i) Letm be a nonnegative integer. Observe that, by considering the permutations on the first r marked
points of pointed stable curves of type (g, r+m), we obtain natural actions of the symmetric groupSr

on the [log] algebraic stacksMg,r+m,Mlog
g,r+m. [The log structure onMg,r+m is determined by the

normal crossing divisorMg,r+m \Mg,r+m ⊆Mg,r+m.] Then we shall writeMg,[r]+m (respectively,

Mlog
g,[r]+m) for the algebraic stack (respectively, log algebraic stack) obtained by forming the quotient

ofMg,r+m (respectively,Mlog
g,r+m) via the natural action of Sr.

(ii) Note that the hyperbolic curve X determines a classifying morphism Spec k →Mg,[r] (⊆ M
log
g,[r]).

Then we shall write
Xn

for the pull-back of the natural morphism Mg,[r]+n → Mg,[r] [obtained by forgetting the final n
marked points] via the classifying morphism Spec k → Mg,[r]. Equivalently, Xn denotes the open
subscheme of the product of n copies of X whose complement consists of various diagonals. We
shall refer to Xn as the n-th configuration space associated to X.
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(iii) We shall write

X
log
n

for the pull-back of the natural morphism Mlog
g,[r]+n → M

log
g,[r] [obtained by forgetting the final n

marked points] via the classifying morphism Spec k →Mlog
g,[r];

Xn

for the underlying scheme ofX
log
n . We shall refer toX

log
n as the n-th log configuration space associated

to X. Here, we note that the interior of the log scheme X
log
n coincides with Xn. Moreover, in the

case where the characteristic of k is 0, it follows from log purity theorem [cf. [13], Theorem B] that

the natural morphism Xn ↪→ X
log
n induces an isomorphism ΠXn

∼→ Π
X

log
n

of [log étale] fundamental
groups.

Definition 7.2. Let Σ be a nonempty set of prime numbers.

(i) Let n be a positive integer; X a hyperbolic curve over a field of characteristic 0. Then we shall write

DXn

for the set of decomposition subgroups of Π
(Σ)
Xn

(
∼→ Π

(Σ)

X
log
n

) associated to the closed points of Xn.

(ii) Let n†, n‡ be positive integers; X†, X‡ hyperbolic curves over fields of characteristic 0. Then we
shall write

IsomD(Π
(Σ)

X†
n†
,Π

(Σ)

X‡
n‡
)/Inn(Π

(Σ)

X‡
n‡
) (⊆ Isom(Π

(Σ)

X†
n†
,Π

(Σ)

X‡
n‡
)/Inn(Π

(Σ)

X‡
n‡
)

for the set of outer isomorphisms Π
(Σ)

X†
n†

∼→ Π
(Σ)

X‡
n‡

of profinite groups that induce bijections D
X†

n†

∼→

D
X‡

n‡
of sets.

Definition 7.3. Let k be a field of characteristic 0; Σ a nonempty set of prime numbers. Then we
shall say that (ΣRGCk) [i.e., “pro-Σ Relative Grothendieck Conjecture” over k] holds if for each pair of
hyperbolic curves X†, X‡ over k, the natural map

Isomk(X
†, X‡) −→ IsomGk

(Π
(Σ)

X† ,Π
(Σ)

X‡ )/Inn(∆
Σ
X‡)

is bijective.

Proposition 7.4. Let n†, n‡ be positive integers; Σ a set of prime numbers whose cardinality is equal to
1 if Σ ⊊ Primes; k a field of characteristic 0 such that (ΣRGCk) holds; X

†, X‡ hyperbolic curves over k.
Suppose that the l-adic cyclotomic character Gk → Z×

l is open for some prime number l ∈ Σ. Then the
natural map

Isomk(X
†
n† , X

‡
n‡) −→ IsomGk

(Π
(Σ)

X†
n†
,Π

(Σ)

X‡
n‡
)/Inn(∆Σ

X‡
n‡
)

is bijective.

Proof. First, it follows immediately from [8], Theorem A, (i), (ii), together with our assumption that
(ΣRGCk) holds, that:
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• We may assume without loss of generality that

n
def
= n† = n‡ ≥ 2, X

def
= X† = X‡.

• Let σ : Π
(Σ)
Xn

∼→ Π
(Σ)
Xn

be an automorphism that induces the identity automorphism on the set of

generalized fiber subgroups and on Π
(Σ)
X via the natural surjections Π

(Σ)
Xn

↠ Π
(Σ)
X that arise from the

projection morphisms. Then it suffices to verify that σ is an inner automorphism determined by an
element ∈ ∆Σ

Xn
.

Moreover, to verify the statement in the second bullet, by induction on n, we may assume without loss of

generality that σ induces the identity automorphism on Π
(Σ)
Xn−1

via the natural surjections Π
(Σ)
Xn

↠ Π
(Σ)
Xn−1

that arise from the projection morphisms Xn → Xn−1. Let x ∈ Xn−1 be a closed point. Write kx for
the residue field of Xn−1 at x; U ⊆ Xkx for the open subscheme that arises as the fiber of the projection
morphism Xn → Xn−1 at x; ρx : Gkx → Out(∆Σ

U ) for the natural outer representation. Then σ determines
a commutative diagram of profinite groups

Gkx
ρx−−−−→ Out(∆Σ

U )∥∥∥ y≀

Gkx
ρx−−−−→ Out(∆Σ

U ),

where the right-hand vertical arrow denotes the automorphism induced by the restriction σ|∆Σ
U
of σ to

∆Σ
U . Note that the field extension k ⊆ kx is finite. Therefore, it follows from [16], Corollary 2.7, (i),

together with our assumption on the cyclotomic character associated to k, that σ|∆Σ
U
induces a bijection

on the set of cuspidal inertia subgroups of ∆Σ
U . Then, by applying [9], Theorem B, we observe that σ

induces an inner automorphism on ∆Σ
Xn

. Thus, we conclude from the center-freeness of ∆Σ
Xn

[cf. [19],

Proposition 2.2, (ii)] that σ is an inner automorphism determined by an element ∈ ∆Σ
Xn

. This completes
the proof of Proposition 7.4.

Remark 7.4.1. Let n be a positive integer; Σ a set of prime numbers whose cardinality is equal to 1 if
Σ ⊊ Primes; k a field of characteristic 0 such that (ΣRGCk) holds; X a hyperbolic curve over k. Then
the natural map

Xn(k) −→ Sect(Π
(Σ)
Xn

↠ Gk)

[cf. Definition 6.3] is injective. Indeed, by considering the projections, we may assume without loss of
generality that n = 1. In this case, the desired injectivity follows from a similar argument to the argument
applied in the proof of [12], Theorem C.

Theorem 7.5. Let p be a prime number; n†, n‡ positive integers; Σ a set of prime numbers either {p} or
Primes; K†, K‡ mixed characteristic Henselian discrete valuation fields of residue characteristic p such
that (ΣRGCK†) and (ΣRGCK‡) hold; X†, X‡ hyperbolic curves over K†, K‡, respectively. Write (g†, r†)
for the type of X†. Suppose that {

n† ≥ 2 if g† ≥ 1, and r† ≥ 1,

n† ≥ 3 if r† = 0.

Then the natural map

Isom(X†
n† , X

‡
n‡) −→ IsomD(Π

(Σ)

X†
n†
,Π

(Σ)

X‡
n‡
)/Inn(Π

(Σ)

X‡
n‡
)

is bijective.
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Proof. First, in light of [23], Lemma 4.2, together with [10], Theorem, (4); the injectivity portion of
Proposition 7.4, the injectivity of the natural map follows from a similar argument to the argument
applied in the proof of Theorem 6.11, (i).

Next, we verify the surjectivity of the natural map. Let

σ : Π
(Σ)

X†
n†

∼→ Π
(Σ)

X‡
n‡

be an isomorphism of profinite groups that induces a bijection D
X†

n†

∼→ D
X‡

n‡
. Then it follows immediately

from [11], Corollary 4.6, that σ induces isomorphisms

σ∆ : ∆Σ
X†

n†

∼→ ∆Σ
X‡

n‡
, σGal : GK†

∼→ GK‡

of profinite groups. To verify the surjectivity, it follows from the surjectivity portion of Proposition 7.4
that it suffices to verify that σGal arises from an isomorphism K‡ ∼→ K† of fields. In particular, we may
assume without loss of generality that

Σ = {p}.

Observe that n
def
= n† = n‡, and σ∆ induces a bijection between the respective sets of generalized fiber

subgroups [cf. [8], Theorem A, (i), (ii)]. In particular, it follows immediately from Theorem 6.11, (i),
together with the assumption on n† in the statement, we may assume without loss of generality that:

• It holds that g† ≥ 1, and n = 2 (respectively, n = 3) in the case where X† is affine (respectively,
proper).

• The isomorphism σ and the respective first projection morphisms determine an isomorphism

σ1 : Π
(Σ)

X†
∼→ Π

(Σ)

X‡

that lies over σGal. Moreover, the isomorphism σ1 induces a bijection DX†
∼→ DX‡ .

On the other hand, since GK† is slim [cf. [11], Theorem C], in light of Lemma 6.9, by replacing K† by a
finite extension field of K†, we may assume without loss of generality that

X†(K†) ̸= ∅, and the cusps of X† are K†-rational points.

Let x† ∈ X†(K†) be a point; x‡ ∈ X‡(K‡) a [uniquely determined — cf. Remark 7.4.1] point such that
σ1(Dx†) = Dx‡ , where D(−) denotes a decomposition group associated to a point (−). In particular, in

the case where X† is proper, the isomorphism σ induces an isomorphism

Π
(Σ)

(X†\{x†})2
∼→ Π

(Σ)

X†
3

×
Π

(Σ)

X†
Dx†

∼→ Π
(Σ)

X‡
3

×
Π

(Σ)

X‡
Dx‡

∼← Π
(Σ)

(X‡\{x‡})2

that lies over σGal. Therefore, by replacing X†, X‡ by X† \ {x†}, X‡ \ {x‡}, respectively, we may assume
without loss of generality that X† and X‡ are affine curves [so n = 2] whose genus is of ≥ 1 [cf. [8],

Theorem A, (i)]. Next, let c† ∈ X† \X†(K†) be a cusp. Write c‡ ∈ X‡ \X‡(K‡) for the cusp such that
σ1(Dc†) = Dc‡ . For each ∗ ∈ {†, ‡}, write G∗ for the semi-graph of anabelioids of PSC-type associated
to the geometric fiber of the first projection morphism (X∗

2 )
log → (X∗)log at c∗: ΠG∗ for the pro-Σ

fundamental group of G∗. In particular, the isomorphism σ determines an isomorphism

σf : ΠG†
out
⋊ Dc†

∼→ ΠG‡
out
⋊ Dc‡

that lies over the isomorphism Dc†
∼→ Dc‡ . Here, we note that the p-adic cyclotomic characters associated

to K† and K‡ are open. Then it follows from [16], Corollary 2.7, (i), that the isomorphism ΠG†
∼→ ΠG‡
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[determined by σf ] induces a bijection between the respective sets of cuspidal inertia subgroups. Thus,

we conclude from [9], Theorem A, (iii), that the isomorphism ΠG†
∼→ ΠG‡ is graphic. Therefore, since the

genera of X† and X‡ are of ≥ 1, we observe that σf induces an isomorphism

Π
(Σ)

P1
K†\{0,1,∞}

∼→ Π
(Σ)

P1
K‡\{0,1,∞}

that lies over σGal. Moreover, since σ induces a bijection D
X†

2

∼→ D
X‡

2
, we also observe that this isomor-

phism induces a bijection between the respective sets of decomposition subgroups associated to closed
points. Thus, we conclude from Theorem 6.11, (i), that σGal arises from an isomorphism K‡ ∼→ K† of
fields. This completes the proof of the surjectivity, hence of Theorem 7.5.

Remark 7.5.1. Note that the key point of the proof of Theorem 7.5 is to construct the pro-p fundamental
groups of tripods in the pro-p fundamental group of configuration spaces. On the other hand, in the proof
of [4], one needs to construct the pro-p fundamental groups of the second configuration spaces associated
to tripods. In particular, in light of the combinatorial complexity, our situation is much easier to handle.
This is the reason why our proof is shorter.

Remark 7.5.2. Recall that if K is a generalized sub-p-adic field, then (ΣRGCK) holds [cf. [14], Theorem
4.12]. In particular, one may apply Theorem 7.5 in the case where K† and K‡ are unramified [algebraic]
extension fields of p-adic local fields or their completions. With regard to a further development on
the relative Grothendieck Conjecture-type results [that is related to the assumption in the statement of
Theorem 7.5], there is an ongoing joint work with Y. Hoshi, S. Mochizuki, and Go Yamashita.

Remark 7.5.3. By applying a similar argument to the argument applied in the proof of Theorem 7.5,
together with [25], Theorem A, (ii), one may also obtain an arithmetically pro-p Grothendieck Conjecture-
type result as in [4], Theorem 0.1. We leave the routine details to the interested reader.
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