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Abstract

Let p be a prime number. In the present paper, we discuss the relative/absolute version of the
geometrically pro-p anabelian Grothendieck Conjecture (RpGC/ApGC). In the relative setting, we
prove RpGC for hyperbolic curves of genus 0 over subfields of mixed characteristic valuation fields
of rank 1 of residue characteristic p whose value groups have no nontrivial p-divisible element. In
particular, one may take the completion of arbitrary tame extension of a mixed characteristic Henselian
discrete valuation field of residue characteristic p as a base field. In light of the condition on base fields,
this result may be regarded as a partial generalization of S. Mochizuki’s classical anabelian result, i.e.,
RpGC for arbitrary hyperbolic curves over subfields of finitely generated fields of the completion of the
maximal unramified extension of Q. It appears to the author that this result suggests that much wider
class of p-adic fields may be considered as base fields in anabelian geometry. In the absolute setting,
under the preservation of decomposition subgroups, we prove ApGC for hyperbolic curves of genus 0
over mixed characteristic Henselian discrete valuation fields of residue characteristic p. This result may
be regarded as the first absolute Grothendieck Conjecture-type result for hyperbolic curves in the pro-p
setting. Moreover, by combining this ApGC-type result with combinatorial anabelian geometry, under
certain assumptions on decomposition groups and dimensions, we prove ApGC for configuration spaces
of arbitrary hyperbolic curves over unramified extensions of p-adic local fields or their completions. In
light of the condition on the dimension of configuration spaces, this result may be regarded as a partial
generalization of a K. Higashiyama’s pro-p semi-absolute Grothendieck Conjecture-type result.

Contents

Introduction 2
Notations and Conventions 8
1 Stably p-divisibly nonreflexive field 9
2 Generalities on the étale fundamental groups of commutative algebraic groups 13
3 Weak version of the Grothendieck Conjecture for hyperbolic curves of genus 0 over

stably p-divisibly nonreflexive p-bounded fields of characteristic 0 16

Geometrically pro-p Grothendieck Conjecture for hyperbolic curves of genus 0 over
mixed characteristic valuation fields of rank 1 of residue characteristic p with p-
reduced value groups 20

2020 Mathematics Subject Classification: Primary 14H30; Secondary 12E30.
Key words and phrases: anabelian geometry; Grothendieck Conjecture; hyperbolic curve; configuration space; Henselian

discrete valuation field; maximal tame extension; p-adic field.



5 Algebraicity of certain set-theoretic bijections between the underlying sets of mixed
characteristic valuation fields of rank 1 of residue characteristic p with p-reduced value
groups 22

6 Pro-p absolute Grothendieck Conjecture for hyperbolic curves of genus 0 over mixed
characteristic Henselian discrete valuation fields of residue characteristic p 27

7 Pro-p absolute Grothendieck Conjecture for configuration spaces over mixed charac-

teristic Henselian discrete valuation fields of residue characteristic p 40
References 44
Introduction

Let p be a prime number; K a field of characteristic 0. For any perfect field F, we shall write F' for

the algebraic closure [determined up to isomorphisms] of F'; Gp def Gal(F'/F). For any algebraic variety

X [i.e., a separated, of finite type, and geometrically connected scheme] over K, we shall write IIx for

the étale fundamental group of X, relative to a suitable choice of basepoint; Ax def My, - For any

nonempty set of prime numbers X; we shall write
I < Iy /Ker(Ax — A%),

where Ax — A% denotes the maximal pro-X quotient of Ax. In particular, we have an exact sequence
X

1—>A§(—>Hg?)—>GK—>1

of profinite groups. We shall write A% def Ag?}; ngg) def ng Y. For any pair of K-schemes ST, S, we
shall write
Isomp (ST, S%)

for the set of K-isomorphisms between St and S*. For any pair of schemes ST, S*, we shall write
Isom(ST, S%)

for the set of isomorphisms ST = S* of schemes. For any pair of continuous surjective homomorphisms
G' - G, G* — G of profinite groups, if we write H¥ C G* for the kernel of the surjection G — G, then
we shall write

Isomg(GT, G) /Inn(HY)

for the set of isomorphisms G = G* [in the category of profinite groups] over G, considered up to
composition with inner automorphisms arising from elements € H*. For any pair of profinite groups GT,
G*, we shall write

Isom(GT, G%)/Inn(GF)

for the set of outer isomorphisms G = G* [in the category of profinite groups].
In anabelian geometry, we often consider an inexplicit problem

whether or not an algebraic variety X may be “reconstructed” from various variants of the
étale fundamental group 1lx.



In this research area, the Grothendieck Conjecture-type results may be regarded as central results [cf. for
instance, [12], Theorem A; [23], Theorem 0.4]. Roughly speaking, the Grothendieck Conjecture tells us
that “anabelian” varieties over “sufficiently arithmetic” fields [for example, hyperbolic curves over number
fields, p-adic local fields or finite fields] may be reconstructed from their étale fundamental groups. Let
us note that the known proofs for hyperbolic curves depend on the fact that the base fields [of algebraic
varieties, in question| are not so “far” from the prime fields.

With regard to the above inexplicit problem, one of the explicit questions in anabelian geometry may
be stated as follows:

Question 1 (Relative version of the Grothendieck Conjecture — (XRGCkg)): Let ¥ be a
nonempty set of prime numbers; X T, Xt hyperbolic curves over K. Then is the natural map

Tsomg (X1, X¥) — Tsomg, (T

>
0.1y /mn(a%)

bijective? [Strictly speaking, Grothendieck conjectured that this natural map is bijective if ¥
is the set of all prime numbers, and K is finitely generated over the field of rational numbers

Q — cf. [2]]

Note that, if K = K, then G = {1}, hence, in particular, (YXRGCk) does not hold. As a corollary of an
affirmative result of Question 1, one may reconstruct the isomorphism classes of hyperbolic curves over
K from their fundamental groups. In particular, as a weaker question, one may ask the reconstructibility
of isomorphism classes only. Usually, we shall refer to this type of question as the weak version of the
Grothendieck Conjecture. With regard to Question 1, S. Mochizuki obtained the following remarkable
result:

Theorem ([14], Theorem 4.12). Suppose that ¥ contains p, and K is a generalized sub-p-adic field [i.e.,
a subfield of a finitely generated extension of the field of fractions of the Witt ring W(F,) — cf. [14],
Definition 4.11]. Then (XRGCg) holds.

On the other hand, in anabelian geometry, there exists an absolute version of Question 1:

Question 2 (Absolute version of the Grothendieck Conjecture — (XAGC¢)): Let X be a
nonempty set of prime numbers; C a class of fields; X, X* hyperbolic curves over fields € C.
Then is the natural map

Isom(XT, Xi) N Isom(ﬂgi%Hg?i))/lnn(ﬂg?i))
bijective?

With regard to Question 2, in a recent joint work with S. Mochizuki, by developing the theory of RNS
i.e., “Resolution of Nonsingularities”], we proved the following result:

Theorem ([20], Theorem D). Suppose that ¥ is a set of cardinality > 2 that contains p, and C is the
class of p-adic local fields, i.e., finite extension fields of the field of p-adic numbers. Then (XAGCe¢) holds.

Here, we note that, in the proof of this theorem, the assumption on the cardinality of ¥ may be
applied both

e in establishing RNS for hyperbolic curves over p-adic local fields, and

e in reconstructing the underlying topological spaces of the Berkovich analytifications of hyperbolic
curves over p-adic local fields



in essential ways. Therefore, to weaken the assumption on the cardinality of ¥, i.e., to consider the
geometrically pro-p setting, we need an essentially new idea. On the other hand, we observe that one may
not obtain an affirmative result for (XAGC¢) if we allow [not necessarily complete] Henselian valuation
fields as base fields of hyperbolic curves. Indeed, this observation arises from the well-known fact that
the operation forming the completions of Henselian valuation fields does not change the absolute Galois
groups [cf. Remark 6.11.1, (iii)]. In particular, to extend the absolute Grothendieck Conjecture-type
results to such a Henselian [or more general] setting, it is natural to consider the following question:

Question 2’ (D-absolute version of the Grothendieck Conjecture — (XDAGC¢)): Let ¥ be a
nonempty set of prime numbers; C a class of fields; XT, X* hyperbolic curves over fields € C.
Write &) (=) ) ) = ()

Is.omD(l_[XT ,Hgﬁ )/Inn(Hg{i) - I:som(HfXT , Hxi))/lnn(HXi)
for the subset consisting of the outer isomorphisms that induce bijections between the re-
spective sets of decomposition subgroups associated to the closed points. Then is the natural
map

Tsom(XT, Xt) — Tsom®? (1137, 1)) /I (1157)

bijective?

Historically, S. Mochizuki proved this type of results for hyperbolic curves over p-adic local fields [cf. [18],
Corollary 2.9], which may be regarded as an intermediate step of the verification of the above absolute
Grothendieck Conjecture-type result, i.e., [20], Theorem D.

In this context, in the present paper, we discuss the weak/relative/absolute version of the geometrically
pro-p anabelian Grothendieck Conjecture for hyperbolic curves of genus 0 over certain p-adic fields that
are not necessarily complete. In the relative setting, we treat situations that the base fields of hyperbolic
curves can be non-discrete valuation fields. On the other hand, in the absolute setting, we treat the
situation that the base fields of hyperbolic curves are mixed characteristic Henselian discrete valuation
fields of residue characteristic p.

In order to state our main theorems, we introduce some notions and notations. For any field F' and
any positive integer n, we shall write

P OV (PP (F) S (e e P e = 1),

m>1

WE)E ) wn(E), e (F)E i (F),

m2>1 m>1

where m ranges over the positive integers. Then:

e We shall say that M is a stably p,e-finite field if, for every finite field extension M C M t. it holds
that ppe (M) is finite.

e We shall say that M is stably p-x u-indivisible if, for every finite field extension M C MT, it holds
that
(MT)yP™ < (M),

e We shall say that M is p-divisibly nonreflexive if the subset
{x € M*P" |1 —xe M*P"} C M*P™

is finite. Moreover, we shall say that M is stably p-divisibly nonreflexive if, for every finite field
extension M C M, it holds that M is p-divisibly nonreflexive.



e We shall say that M is p-bounded if p™ ¢ M*P” for any positive integer n.

Note that, by considering norm maps, one may observe that every finite extension field of a p-bounded
field is also p-bounded.
Now write
K7€ ) QT CE,
KCL
where the union ranges over the finite field extensions K C L (C K). Then our first main result concerning
the weak version of the Grothendieck Conjecture is the following [cf. Theorem 3.1]:

Theorem A. Let ¥ be a set of prime numbers that contains p; X1, X hyperbolic curves of genus 0 over
K;
2) ~ (S
o1y 31
an isomorphism of profinite groups that lies over the identity automorphism on Gg. Suppose that the
following conditions hold:

e ¢ induces a bijection between the respective sets of cuspidal inertia subgroups.
o K is a stably p-divisibly nonreflexive p-bounded field.
o KP” is a p-divisibly nonreflexive p-bounded field.
Then there exists an isomorphism of K-schemes
x5 xt#

that induces a bijection between the respective sets of cusps that is compatible with the bijection between
the respective sets of cuspidal inertia groups induced by ¢.

Here, we note that:

e Every stably p-x u-indivisible field of characteristic 0 is a stably p-divisibly nonreflexive p-bounded
field.

e The maximal abelian extension field Q* of Q is a p-divisibly nonreflexive p-bounded field [cf. [24],
Lemma D].

Thus, Theorem A may be regarded as a generalization of [24], Theorem 3.5.
Next, our second main result concerning the relative version of the Grothendieck Conjecture is the
following [cf. Theorem 4.3]:

Theorem B. Let M be a mixed characteristic valuation field of rank 1 of residue characteristic p whose
value group has no nontrivial p-divisible element; L a stably ppe-finite Galois extension of M ; Xt xt
hyperbolic curves of genus 0 over K. Suppose that K is isomorphic to a subfield of L. Then the natural
map

Isomg (X7, X4 — Isomg, (Hg’g : Hgl )/Inn(A%,)

1s bijective.
With regard to Theorem B, one may take any subfield of the p-adic completion of the maximal

tamely ramified extension field of any mixed characteristic complete discrete valuation field of residue
characteristic p as the base field, i.e., K. It appears to the author that



e this result suggests that much wider class of p-adic fields may be considered as base fields of anabelian
geometry, and

e the analogous results in the more general geometrically pro-X [where p € ¥ cases or in the case
where U and V are hyperbolic curves of higher genus also hold.

Note that if one may prove the geometrically pro-p Grothendieck Conjecture for hyperbolic curves of
arbitrary genus, then, by applying Galois descent, one may also complete the proof of general geometrically
pro-X versions. In particular, it suffices to consider the geometrically pro-p Grothendieck Conjecture. In
the case where the base field is a subfield of a mixed characteristic discrete valuation field, there exists
an ongoing joint work with Y. Hoshi, S. Mochizuki, and G. Yamashita, to obtain results for higher genus
hyperbolic curves.

Next, our third main result concerning the D-absolute version of the Grothendieck Conjecture is the
following [cf. Theorem 6.11, (i)]:

Theorem C. Let XT, X* be hyperbolic curves of genus 0 over mized characteristic Henselian discrete
valuation fields of residue characteristic p. Then the natural map

Tsom (X1, X*) — Isom” (1), 11%)) /Tan (1Y)

1s bijective.

It appears to the author that Theorem C may be regarded as the first absolute Grothendieck Conjecture
type result for hyperbolic curves in the pro-p setting [cf. Remark 6.11.1, (ii)]. Again, we note that if one
could establish the analogous result for hyperbolic curves of arbitrary genus, then, by applying Galois
descent, one may also obtain more general geometrically pro-% [where p € ] version of Theorem C. One
of the key points of the proof of Theorem C is an algebraicity criterion for certain set-theoretic bijections
discussed in §5. In anabelian geometry, one often considers the reconstructibility of the additive struc-

ture from the multiplicative structure in respective situations. One interesting point of this algebraicity
criterion is to discuss

the reconstructibility of the multiplicative structure from a partial multiplicative structure, to-
gether with a certain additive structure

in some sense. In §6, we prove, in fact, a slightly stronger result with respect to the assumption on
the preservation of decomposition subgroups [cf. Remark 6.11.1, (iv)]. Moreover, one may also obtain a
certain arithmetically pro-p analogue of Theorem C [cf. Theorem 6.11, (ii)]. Here, we note that many
portions of the proof of Theorem C also work in the case where the base fields of hyperbolic curves are
mixed characteristic Henselian valuation field of rank 1 of residue characteristic p whose value group has
no nontrivial p-divisible element. On the other hand, at the time of writing the present paper, the author
could not prove several portions, especially,

e the elasticity [i.e., the property of a profinite group that every nontrivial topologically finitely
generated normal closed subgroup of an open subgroup is open| of the absolute Galois groups of
such valuation fields that is needed to verify the analogue of [11], Corollary 4.6, and

e the analogue of Proposition 6.6 for such valuation fields that is needed to apply the algebraicity
criterion in §5.

Finally, in order to state our final main result, we introduce the notion of configuration spaces asso-
ciated to hyperbolic curves. Let n be a positive integer; X a hyperbolic curve over K. Then we shall
write

X e U A
1<i#j<n



where X *™ denotes the fiber product of n copies of X over K; A;; denotes the diagonal divisor on X *"
associated to the ¢-th and j-th components. Recall that K. Higashiyama proved a certain geometrically
pro-p semi-absolute version of the Grothendieck Conjecture for higher dimensional configuration spaces
associated to hyperbolic curves over generalized sub-p-adic fields [cf. [4], Theorem 0.1]. Our final main
result is the following [cf. Theorem 7.5], which may be regarded as a partial generalization of this K.
Higashiyama’s result from the view point of dimension of configuration spaces:

Theorem D. Let n', nt be positive integers; ¥ a set of prime numbers either {p} or the set of all prime
numbers; KT, K% mized characteristic Henselian discrete valuation fields of residue characteristic p such
that (XRGCg+) and (SRGCgy) hold; X1, X* hyperbolic curves over K1, K*, respectively. Write (g, rT)
for the type of XT, i.e, the genus of X1 is gt, and the degree of the divisor of cusps of X1 is rt. Suppose
that

nt>2 ifgt >1,andrf >1,

nt >3 ifrf=0.

Then the natural map
D (S (= b
Tsom(X',, X*,) — Isom (H;QT : HXQi ) /Inn(H;QI )
— where Isom?” (—, —) denotes the set of the outer isomorphisms that induce bijections between the re-
spective sets of decomposition groups associated to the closed points of suitable compactifications of con-

figuration spaces [cf. Definition 7.2, (ii)] — is bijective.

Theorem D is proved by applying Theorem C, together with combinatorial anabelian geometry. Here,
we note that if the base fields KT and K* are unramified extensions of p-adic local fields or their p-adic
completions, then (XRGC+i) and (XRGCg+) hold [cf. [14], Theorem 4.12]. For these conditions, there
exists an ongoing joint work with Y. Hoshi, S. Mochizuki, and G. Yamashita as mentioned above. With
regard to further developments, it would be interesting to consider

to which extent the assumption on the dimensions of configuration spaces may be dropped.

However, at the time of writing of the present paper, the author does not have any clue on the further
development of this direction.

The present paper is organized as follows. In §1, we introduce the notions of stably p-divisibly
nonreflexive field and p-bounded field and prove that any subfield of a stably p,e-finite Galois extension
of the mixed characteristic valuation field as in Theorem B is a stably p-divisibly nonreflexive p-bounded
field [cf. Lemma 1.8]. In §2, we review some well-known facts concerning the étale fundamental groups
of commutative algebraic groups. In §3, by establishing a pro-p analogue of the proof of [24], Theorem
3.5, together with a reviewed result in §2, we prove Theorem A. In §4, by applying Theorem A and a H.
Nakamura’s result concerning the computations of certain Galois centralizers, together with Lemma 1.8,
we prove Theorem B. In §5, we establish a certain algebraicity criterion of set-theoretic bijections between
suitable subsets of mixed characteristic Henselian valuation fields of rank 1 of residue characteristic p
whose value groups have no nontrivial p-divisible element. In §6, by applying Theorem B, together with
the algebraicity criterion established in §5, we prove Theorem C. In §7, as an application of Theorem C,
together with combinatorial anabelian geometry, we prove Theorem D.

Acknowledgements

The author would like to thank Professor Emmanuel Lepage for discussions concerning the contents of
§1, §3, of the present paper during his stay in Paris in February, 2020. The author would like to thank



Professor Yuichiro Hoshi for stimulating discussions on the contents of §5, §6, of the present paper in
December, 2020. Moreover, the author would like to thank Professors Yuichiro Hoshi, Akio Tamagawa,
and Go Yamashita for discussions and comments during the presentation on the contents of the present
paper in January, 2023. This research was supported by the Research Institute for Mathematical Sciences,
an International Joint Usage/Research Center located in Kyoto University, as well as by the International
Research Center for Next Generation Geometry [a research center affiliated with the Research Institute
for Mathematical Sciences]. This work is part of the “Arithmetic and Homotopic Galois Theory” project,
supported by the CNRS France-Japan AHGT International Research Network between the RIMS Kyoto
University, the LPP of Lille University, and the DMA of ENS PSL.

Notations and Conventions

Numbers: The notation Primes will be used to denote the set of prime numbers. If p is a prime number,
then the notation Z, will be used to denote the pro-p completion of Z. We shall refer to a finite extension
field of the field of p-adic numbers @, as a p-adic local field. For each commutative ring A, the notation
A* will be used to denote the group of units of A.

Fields: Let p be a prime number; F a field. Then we shall write F for the algebraic closure [determined

up to isomorphisms] of F; FP (C F) for the separable closure of F; F C F, (C F®P) for the maximal

pro-p extension; Gp e Gal(F*P/F). If F is a mixed characteristic rank 1 valuation field of residue

characteristic p [cf. Definition 1.1, (ii) below], then the notation v, will be used to denote the normalized
valuation on F' whose normalization is determined by the condition that v,(p) = 1.

Let n be a positive integer that is invertible in F'. Then we shall fix a primitive n-th root of unity
Cn € F™°P,

Algebraic Varieties: Let F be a field; F' C E a field extension; X an algebraic variety [i.e., a separated,

of finite type, and geometrically connected scheme] over F'. Then we shall write Xg © x x r E; X(FE)
for the set of E-rational points of X. Suppose that X is an algebraic group over F'. Then we shall write
Ox € X(F) for the origin. Suppose, moreover, that X is commutative. Then we shall write nx : X — X
for the endomorphism induced by multiplication by n..

Profinite groups: Let ¥ be a nonempty set of prime numbers; G a profinite group. Then we shall
write G* for the maximal pro-¥ quotient of G; Aut(G) for the group of automorphisms of G [in the

category of profinite groups|; Inn(G) C Aut(G) for the subgroup of inner automorphisms of G; Out(G) def

Aut(G)/Inn(G). If p is a prime number, then we shall also write GP ©f Giv},

Fundamental groups: For a connected locally Noetherian scheme S, we shall write Ilg for the étale
fundamental group of S, relative to a suitable choice of basepoint [cf. [3]]. Let F' be a field of characteristic
0; ¥ a nonempty set of prime numbers; X an algebraic variety over F. Then we shall write

AX d:ef HXF; Hg?) déf Hx/KeI'(AX - A§(>

that fit into a commutative diagram of profinite groups

1 > Ax 115% Gk 1
| | |
1 y AS ) Gk 1,

If ¥ = {p} for some prime number p, then we shall also write Hg?) def ng b,



1 Stably p-divisibly nonreflexive field

Let p be a prime number. In the present section, we first introduce some notions on fields including
stably ppeo-finite field, stably p-divisibly nonreflexive field, and p-bounded field [cf. Definitions 1.3, (i);
1.4]. Subsequent to this, we prove that any subfield of a stably j,e-finite Galois extension of a certain
mixed characteristic valuation field is a stably p-divisibly nonreflexive p-bounded field [cf. Lemma 1.8].
For instance, the completion of any tamely ramified extension field of a mixed characteristic complete
discrete valuation field of residue characteristic p may be taken to be such a mixed characteristic valuation
field. In the later sections, we prove certain pro-p Grothendieck Conjecture-type results for hyperbolic
curves of genus 0 over such fields.

Definition 1.1.

(i) Let I be an abelian group. Then we shall say that I" is p-reduced if

() »" T = {0},

m>1
where m ranges over the positive integers.

(ii) Let I" be an ordered abelian group. Then we shall say that I' is of rank 1 if I' is isomorphic to a
nontrivial subgroup of R as ordered abelian groups. If the value group of a valuation ring is of rank
1, then we shall say that the valuation ring is of rank 1.

Definition 1.2. Let M be a field, n a positive integer. Then we shall write

M OV YT (M) Y {a e M | =1,
m>1
def def
(M) = U (M), ppee (M) = U ppm (M),
m>1 m>1

where m ranges over the positive integers.

Definition 1.3. Let M be a field. Then we shall say that:

(1) M is a stably py=-finite field if, for every finite field extension M C M7, it holds that ppe (MT) is
finite.

(i) M is a stably p-x u-indivisible field if, for every finite field extension M C MY, it holds that

(MH*P™ C p(MT).

Definition 1.4. Let M be a field. Then we shall say that:

(i) M is a p-divisibly nonreflezive field if the subset
{z e MP7 |1 -z e M7} C M*P~

is finite.



(i) M is a stably p-divisibly nonreflexive field if, for every finite field extension M C MT, it holds that
M is p-divisibly nonreflexive.

(iii) M is a p-bounded field if, for each positive integer n, it holds that p™ ¢ M*P™ .

Remark 1.4.1. Let M be a field of characteristic 0 such that (¢ € M. Then it holds that 1 — (s = C6_1.
This is a motivating example to allow the set {x € M>*P™ | 1 —x € M*P™} finite [as opposed to impose a
condition that the set {x € M*P” | 1 —x € M*P™} is empty] in the definition of p-divisibly nonreflexive
fields.

Remark 1.4.2.

(i) It follows immediately from the various definitions involved that any field of characteristic p is
p-bounded.

(ii) In light of the norm maps associated to finite field extensions, one may observe that every finite
extension field of a p-bounded field is also p-bounded.

(iii) Let M be a field of characteristic # p. Then, if p, (M) is infinite, then it follows immediately from
the various definitions involved that M is p-bounded if and only if p & M*P™

Remark 1.4.3.

(i) It follows immediately from the various definitions involved that any subfield of a p-divisibly nonre-
flexive field (respectively, a stably p-divisibly nonreflexive field; a p-bounded field) is also a p-divisibly
nonreflexive field (respectively, a stably p-divisibly nonreflexive field; a p-bounded field).

(ii) For any field M of characteristic 0, one may observe that {¢(F'} = {z € (M) | 1 —x € u(M)}.
In particular, any stably p-x p-indivisible field of characteristic 0 is a stably p-divisibly nonreflexive
p-bounded field.

(iii) It follows immediately from the various definitions involved that any algebraically closed field of
characteristic # p is neither p-divisibly nonreflexive nor p-bounded.

Lemma 1.5. Let K be a field of characteristic # p; K C L (C K*P) a(n) [possibly, infinite] Galois
extension such that L is stably puye-finite. Then, for each finite separable field extension L C LT (C K*P),
it holds that

oo

(L™ o |J (KT (k)

KCKt

where K C K1 (C K%P) ranges over the finite separable field extensions.

Proof. Lemma 1.5 follows from a similar argument to the argument applied in the proof of [24], Lemma
3.4, (iv), (v). O

10



Lemma 1.6. Let A be a mized characteristic valuation ring of residue characteristic p. Write m C A
for the mazimal ideal of A; K for the field of fractions of A; T def K*/A*;v: K* - T for the natural

surjection. Suppose that I" is p-reduced and of rank 1. Then it holds that

N @+mp = {1},

i>1
where © ranges over the positive integers.

Proof. Let z € N;>1 (1+ m)pi be an element. Write ag dof 1, Then, for each positive integer n, there
exist elements a,, b, € m such that

ap = (1+a,)” =1 = p-b,+ad?".

_Q)<an ) =

Suppose that v(ag) < v(p). Then it follows immediately from the above equality that v(ag)
= 0, hence that

p" - v(ay) € p™ - T'. Thus, since I' is p-reduced, by varying n, we conclude that v(agp)
ag € A*. This is a contradiction. In particular, it holds that

vz —1) = v(a) = v(p).

Next, since the inverse limit of an inverse system of nonempty finite sets is nonempty, we observe that
there exists a family {xn}nezzo consisting of elements € 1+ m such that x¢g = x, and a:fl 11 = Tn for each
n € Z>o. Note that =, € N;>1 (1+ m)pl for each n € Z>¢. Then, in light of the argument in the previous
paragraph, it holds that x,, — 1 € p- A for each n € Z>o. Thus, since I' is of rank 1, we conclude that

= ﬂ(1+p.A)pi C ﬂ 14+p7 A = {1},

i>1 i>1

where ¢ ranges over the positive integers. This completes the proof of Lemma 1.6. O

Lemma 1.7. In the notation of Lemma 1.6, let K C Kt (C K) be a finite field extension; vt : (KT)* — T'f
a valuation on KT that extends v. Write AT (C K1) for the valuation ring associated to v'; kT for the
residue field of At. Then the following hold:

(i) The value group I'T is p-reduced and of rank 1.

(i3) It holds that (KT)*P™ C (A")X. Moreover, the natural composite (KT)*P™ C At — kT is injective,
and the image of this composite is contained in (kT)*P™

Proof. Assertion (i) follows immediately from the facts that I' is torsion-free, and the subgroup I' C I'f
is of finite index [cf. [1], Corollary 3.2.3].

Next, we verify assertion (ii). First, it follows immediately from the fact that I'! is p-reduced [cf.
(i)] that (KT)*P™ C (AT)*. On the other hand, since A" is a valuation ring, the image of the natural
composite (KT)*P™ C At — k' is contained in (k')*P™. Thus, it suffices to prove that this composite is
injective.

Write mt for the maximal ideal of Af. Let z € (KT)*?* N (1 4+ m') be an element. For each positive
integer m, let y,, € AT be such that y%m = z. Then since k' is of characteristic p, and z € 1+ mf, it
follows immediately that 3, € 1 +mf. In particular, we have

re () @+mh,
i>1

where ¢ ranges over the positive integers. Thus, we conclude from Lemma 1.6 that = 1. This completes
the proof of assertion (ii), hence of Lemma 1.7. O
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Let K be a mixed characteristic valuation field of residue characteristic p whose value group is p-
reduced and of rank 1. For instance,

the completion of [possibly, infinite] tame extension field of a mized characteristic complete
discrete valuation field of residue characteristic p

may be such a valuation field. Write A for the valuation ring of K; k for the residue field of 4; m (C A)

for the maximal ideal of A;

vi KX - D% gxax

for the natural surjection, i.e., the valuation on K. Let
KCL(CK)

be a Galois extension such that L is stably p,-finite.

Lemma 1.8. Let F be a subfield of L. Then F is a stably p-divisibly nonreflexive p-bounded field.
Moreover, it holds that
{x e FP" |1—zc PP} C {¢'}.

Proof. First, we may assume without loss of generality that F' = L [cf. Remark 1.4.3, (i)]. Next, we note
that p € m. Then it follows immediately from Lemma 1.5, together with Lemma 1.7, (ii), that, for each
positive integer n, we have

pt g LT

In particular, it holds that L is p-bounded. Thus, in light of Lemma 1.7, (i), by applying Lemma 1.5
again, we observe that it suffices to verify that

{x e K*P" |1 -2 KXP7} C {¢F'}.
Next, let © € K*P” be such that 1 —z € K*P”. Then there exist elements x1, y1 € K*P~ such that
2 =z, Yy = 1-ua.

Fix such elements. Write
def
ap = x1+y — L

Observe that the equality % + ¢} — 1 = 0 implies that a; € m.
Next, we verify the following assertion:

Claim 1.8.A : v(a1) > v(p).

Let ¢ be a positive integer. Then since z1, y; € K*P™, there exist x;, y; € A* such that x; =2} | and
-1
v =y " Note that there exists ¢ € A such that

t—1
a =x+yi—1 = (@m+y—-1)" —-p-c
Suppose that v(a;) < v(p). Then it follows from the above equality that
t—1

p vty —1) = v(ar) € T.

Thus, by varying ¢, we conclude that

va) € () #'-T = {0},

t>1

12



where the equality follows from the fact that I' is p-reduced. This contradicts the fact that a; € m. This
completes the proof of Claim 1.8.A.
Now we have

-2 = yf = (l-m+a)) = (L-z)P + ) (1—961)’”"'&3'(?)-

Then, by applying Claim 1.8.A, we have

1—.7}]1)—(1—161)10

p

€ m.

Write T1, T € k* for the images of 21, © € A* via the natural surjection A — k, respectively. Then it
follows immediately that, if p > 3 (respectively, p = 2), then

1 .

1
1<i<p—1 P

Then since T; # 0, it follows immediately that Z; € p(k), hence that T € p(k). Thus, we conclude from
Lemma 1.7, (ii), that € p(K). On the other hand, by a similar argument, we also have 1 — x € p(K).
This implies that x € {Cﬁﬂ} This completes the proof of Lemma 1.8. O

2 Generalities on the étale fundamental groups of commutative alge-
braic groups

In the present section, we review some basic properties on the étale fundamental groups of commutative
algebraic groups and a well-known argument surrounding the injectivity portion of the Section Conjecture
[cf. Proposition 2.5; [27], §1, Example|, which will be used only for the multiplicative group scheme Gy,
in the next section.

Let K be a field of characteristic 0.

Lemma 2.1. Suppose that K is algebraically closed. Let Z, S be smooth varieties over K. Then the
natural [outer] homomorphism Iz s — Iz x Ilg is an isomorphism.

Proof. Let Z°P* be a smooth compactification of Z over K such that the complement D et ept \ Zis a
normal crossing divisor [cf. [5], [6]]. Write Z!°¢ for the log regular log scheme whose underlying scheme
is Z°°* and whose log structure is determined by D. Note that Z!°% is log smooth, proper over K, and
S may be regarded as a log regular log scheme with respect to the trivial log structure. Then we have
an isomorphism g, , ¢ — g X ILg of log étale fundamental groups [cf. (7], §3, Proposition 3].
On the other hand, we observe that Z1°% xS is a log regular log scheme whose interior coincides with
Z x g S. Therefore, since K is of characteristic 0, it follows immediately from [7], Proposition B.7, that
the natural [outer] homomorphism Iz, s — IIz x IIg is an isomorphism. This completes the proof of
Lemma 2.1. ]

Let X be an algebraic group over K. In the remainder of the present section, whenever we consider
the étale fundamental groups of algebraic groups over algebraically closed fields, we take the origins of
them as basepoints.
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Lemma 2.2. Suppose that K is algebraically closed. Then Ilx is abelian.

Proof. Note that since K is an algebraically closed field of characteristic 0, we have the composite of
homomorphisms of profinite groups

f:HXxHX :> HXXKX — Hx,

where the first map is a natural isomorphism [cf. Lemma 2.1]; the second map is a natural homomorphism
induced by the multiplication map X X x X — X. Then since the respective restrictions of f on ITx x {1}
and {1} x IIx are the identity automorphisms, it follows immediately from the fact that IIx x {1}
commutes with {1} x IIx that IIx is abelian. This completes the proof of Lemma 2.2. O

Lemma 2.3. Suppose that K is algebraically closed, and X is commutative. Let f :Y — X be a finite
étale Galois covering over K. Then Y admits a structure of commutative algebraic group over K such
that f is an isogeny.

Proof. Write M & f~Y0x) C Y(K). Note that since f is a finite étale Galois covering, Iy acts on M

regularly. Let m € M be a closed point. Recall that IIx is abelian [cf. Lemma 2.2]. Then we have a
natural map

ag: M x M — M, (m°,m’%) — moo?
[where 01,09 € Ilx]| that is compatible with the multiplication map IIx x IIx — IIx and the natural
actions of IIx x IIx, IIx on M x M, M, respectively. Thus, in light of the theory of Galois categories,
we obtain a commutative diagram of schemes

Y XgY¥y —— Y

03
fol fl
X xg X — X,

where the lower horizontal arrow is the multiplication map on X. Similarly, the bijection

~ —1
M = M, m° — m°

[where o € IIx] induces a commutative diagram of schemes

Yy ——~— Y
(2

AR
X == X,
where the lower horizontal arrow is the inversion map on X. Then it follows immediately that the

morphisms «, i, and the closed point m € Y (K) determine a structure of algebraic group over K on Y
such that f is an isogeny. On the other hand, we note that ag commutes with the bijection

MxM 5 MxM, (mp,msz) — (ma,mi)

that is compatible with the natural action of IIx x IIx on M x M. Thus, we conclude that o commutes
with the isomorphism
Y XY = Y XY, (y1,92) = (y2,91).

In particular, the structure of algebraic group on Y is commutative. This completes the proof of Lemma
2.3. O
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Proposition 2.4. Suppose that K is algebraically closed, and X is commutative. For each prime number
I, write T)(X) for the l-adic Tate module associated to X. Then

Iy 5 H Ti(X).

lePrimes

Proof. Let f:Y — X be a finite étale Galois covering over K. Then it follows from Lemma 2.3 that Y
admits a structure of commutative algebraic group over K such that f is an isogeny. Then since Ker(f)
is a finite étale group scheme over K, there exists a positive integer n such that Ker(f) C Ker(ny). Thus,
ny : Y — Y coincides with the composite of f : Y — X with a finite étale Galois covering g : X — Y.
Moreover, since f is surjective, it follows immediately that fog: X — X coincides with nx : X — X.
In summary, any finite étale Galois covering of X over K is dominated by nyx for some positive integer
n. This completes the proof of Proposition 2.4. O

Proposition 2.5. Suppose that X is commutative. Write Z def Xgser (= X5);
¢1: X(K) — HY(Gg,1y)

for the natural map obtained by taking the difference between the two sections of llx — G [each of which
is well-defined up to composition with an inner automorphism induced by an element of I17] induced by
an element of X (K) and 0x € X(K);

¢2: X(K) — lim X(K)/n- X(K) < H'(Gg,1lz)

for the composite of the natural homomorphism with an injection induced by the Kummer exact sequence
associated to X [cf. Proposition 2.4], where n ranges over the positive integers. Then it holds that ¢1 = ¢a.

Proof. Let n be a positive integer; X a pro-universal étale covering of X; x € X(K) C Z(K*P); T a
point of X that lies over z; ¢ € Gk. Write Ox for the point of X determined by the origins of finite
étale Galois coverings [cf. Lemma 2.3] that appear in the projective system X; so, sz : Gg — Ilx for the

section of the natural surjection ITx — G associated to Oy, (Z)7, respectively; aw € Ker(nz)(K*®P) for
the n-torsion point determined by Z. Now observe that

1 1 1

sa(0)s0(0) M (an) = sa(0)((a7)?) = (am)7.

Then the element € Ker(nz)(K®P) induced by s.(0)so(c)~! € Iz [cf. Proposition 2.4] coincides with
(m%)_l : (x%)g € Ker(nz)(K*P). On the other hand, it follows immediately from the various definitions
involved that the element € H' (G, Ker(nz)(K*P)) induced by ¢(z) is represented by a map

Gx — Ker(ng)(K*P), o v (zn) L. (zn)°.

Thus, by varying n, we conclude that ¢; = ¢o. This completes the proof of Proposition 2.5. O
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3 Weak version of the Grothendieck Conjecture for hyperbolic curves
of genus 0 over stably p-divisibly nonreflexive p-bounded fields of
characteristic 0

Let p be a prime number. In the present section, we generalize [24], Theorem F, and prove a weak
version of the Grothendieck Conjecture for hyperbolic curves of genus 0 over stably p-divisibly nonreflexive
p-bounded field of characteristic 0. The proof proceeds in a similar way to [24], Theorem F. On the other
hand, since we discuss in a pro-p setting, we need a certain technical discussion concerning cyclotomic
rigidity [cf. Claim 3.1.A in the proof of Theorem 3.1 below].

Let K be a field of characteristic 0. Write

K Q) C R,
KQK1L

where the union ranges over the finite field extensions K C KT (C K).

Theorem 3.1. Let X be a set of prime numbers that contains p; U, V hyperbolic curves of genus 0 over
K;

¢: 1) Sl
an isomorphism of profinite groups that lies over the identity automorphism on Gg. Suppose that the
following conditions hold:

e ¢ induces a bijection between the respective sets of cuspidal inertia subgroups.
o K is a stably p-divisibly nonreflerive p-bounded field.
o KP” is a p-divisibly nonreflexive p-bounded field.
Then there exists an isomorphism of K-schemes
Usv
that induces a bijection between the respective sets of cusps that is compatible with the bijection between

the respective sets of cuspidal inertia groups induced by ¢.

Proof. First, by taking suitable quotients of Hg) and Hg’ ), we may assume without loss of generality

that ¥ = {p}.

Next, it follows immediately from the theory of Galois descent [cf. the argument applied in the first
paragraph of the proof of [24], Theorem 3.5] that we may assume without loss of generality that all cusps
of U and V' are K-rational. Thus, since ¢ preserves the cuspidal inertia subgroups, it follows immediately,

by considering the quotients of H(UP) and Hg) by the closed normal subgroups topologically generated by
suitable collections of cuspidal inertia subgroups, that we may also assume without loss of generality that

e U ="PL\{0,1,) 00}, where A € K\ {0,1};
o V=P \{0,1, 1,00}, where p € K\ {0,1};

e ¢ maps the cuspidal inertia subgroups of Hg) associated to * € {0,1,00} to the cuspidal inertia
subgroups of 11) associated to *. [Note that this implies that ¢ maps the cuspidal inertia subgroups

\%
of Hg’) associated to A to the cuspidal inertia subgroups of Hgﬂ associated to p.]
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Then our goal is to prove that
A= U

Write ¢ for the standard coordinate on the projective line Pl.
Next, we verify the following assertion:

Claim 3.1.A: Let % € {0,1,\, 00} be an element; I, C ng) a cuspidal inertia subgroup associ-
ated to *. Consider the natural composite

he: Zp(l) = Lo 5 ¢(L) < Zy(1)
— where “(1)” denotes the Tate twist; the first and final isomorphisms are the natural isomor-
phisms [obtained by considering the action of each cuspidal inertia subgroup on the roots of
a uniformizer of the local ring of the compactified curve at the cusp under consideration]; the
middle isomorphism is the isomorphism induced by ¢. Then h, is the identity automorphism.

Since ¢ induces a bijection between the respective sets of cuspidal inertia subgroups, it follows immediately,
by considering suitable quotients of the abelianizations of A‘?J and A"’/, that hg = h1 = h) = hs. Thus,
it suffices to consider the case where x = 1. Write

e (Pl D) U, = U (C P} for the connected finite étale covering of U of degree p determined by
t— (1—1t)P.

e (PL. D)V, = V (C PL) for the connected finite étale covering of V of degree p determined by
t— (1—1)P.

Let ¢, be a primitive p-th root of unity. Then, after possibly replacing K by a suitable finite extension of
K and ¢ by the composite of ¢ with the inner automorphism of Hg) determined by some element € A?,,

we obtain an isomorphism of profinite groups

~

gp 1Y 5 1Y)
such that
e ¢, induces the identity automorphism on G,

e there exists a bijection b € Aut({1,...,p — 1}) of the set {1,...,p — 1} such that ¢, maps the

cuspidal inertia subgroups of Hgv;) associated to 0, 1, co, 1 — zi? where i € {1,...,p — 1}, to the

cuspidal inertia subgroups of H%} associated to 0, 1, oo, 1 — Cg(i), respectively.

By a slight abuse of notation, we shall also denote by ¢, the bijection between the cusps of U, and V,,

determined by the bijection between the respective sets of cuspidal inertia subgroups. Let I, be a cuspidal

inertia subgroup of H(Upp) associated to 1 — (,. Thus, since the cusp 1 — (, of U, maps to the cusp 1 of U,

we may assume without loss of generality that I, = I; C H(Up). In particular, it suffices to prove that the

natural composite
Zp(l) = I, = ¢p(Ip) < Zp(1)

is the identity automorphism. Write
® ¢, c Z}f for the element determined by this composite automorphism;
o k: KX —» K*/K*P™ — HY(Gg,Z,(1)) for the Kummer map;

oY dZBf P}(\{O’ OO}, AY déf HYXK?'

17



Then it follows from Proposition 2.5 that s coincides with the composite
K* = Y(K) — HYGg,Ay) — HYGk,Zy(1))

— where the first map is obtained by taking the difference between the two sections of Iy — Gg
[each of which is well-defined up to composition with an inner automorphism induced by an element of
Ay] induced by an element of Y (K) and 1 € Y (K); the final map is induced by the natural surjection
Ay — A}, = Zyp(1). Here, we recall that the image of such a section of IIy — G arising from an element
of Y(K) may also be thought of as the decomposition group in IIy of this element of Y (K).

Next, let x be a cusp of Up; I, a cuspidal inertia subgroup of A’[}p associated to x. Recall that, since

I, is normally terminal in A%p [cf. [16], Proposition 1.2, (ii)], the normalizer N, () (I;) is a decomposition
Up

subgroup C H(Upp) associated to x. Similarly, since ¢,(I;) is normally terminal in AI"/p, the normalizer

Nnifp) (¢p(I3)) is a decomposition subgroup C Hg;) associated to ¢,(x).

)

Thus, since ¢, maps the cuspidal inertia subgroups of Hg’

P
inertia subgroups of Hg;) associated to 1, 1 — CS(Z), respectively, we conclude [by thinking of U, and V,, as

open subschemes of Y] that, for each i € {1,...,p — 1},

e rw(1—C) = w(1—0).

H 1-¢.

1<i<p—1

associated to 1, 1 — Czi) to the cuspidal

Let us note that

=
Il

Then we have
e - r(p) = K(p).
On the other hand, since K is p-bounded, for each positive integer n, it holds that p™ & K*P™. Then it
follows that (p) is not a torsion element, hence that Z, - £(p) = Z,, which implies that ¢, = 1. This
completes the proof of Claim 3.1.A.
Next, we suppose that
A # .
In light of Claim 3.1.A, it follows by considering the Kummer classes of A, 1, 1 — A, and 1 — p that there
exist a,b € K*P” such that
w=a-A l—p=>b(1-A).
Since A # p, it follows immediately that a # 1, b # 1, and a # b. In particular,

1-0 oo
KP .
a—2>b <

P

Recall our assumption that KP* (C K) is a p-divisibly nonreflexive field. In particular, if any p-power
oo . cpe e .
root of A is an element of KP | then there exist a positive integer m and a p”*-th root A\»™ of X such that

1 oo o0 . . . . . .
1-X»™ & (KP)*P" . Note that even if we replace K by a finite extension field of K, it follows immediately
from the various definitions involved that the field K?* does not change. Write (P} D) Upm — U (C PL)
for the connected finite étale covering over K determined by the assignment ¢ + (1 — ¢)P". Then, by

1
replacing A, K, U, by 1 — A»™, a finite extension field of K, a suitable partial compactification of Upm, if
necessary, we may assume without loss of generality that there exists a positive integer n such that some
p"-th root of A is not an element of KP” . Fix such a p™-th root

AT ¢ KPT
Write
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e (PL D) U — U (C PL) for the connected finite étale covering of U of degree p" determined by
s tP"

e (Pl D) V! — V (C PL) for the connected finite étale covering of V of degree p" determined by

s tP",

Note that the open subgroup A7, C A?; determined by the covering U’ — U may be characterized as the
unique normal open subgroup of index p” such that

I, C AP I, C A7,

The open subgroup A}, C A}, determined by the covering V' — V admits a similar characterization.
Thus, since ¢ is compatible with these characterizations, we conclude that, after possibly replacing K

by a suitable finite extension of K and ¢ by the composite of ¢ with the inner automorphism of ng)

determined by some element € AY,, we obtain an isomorphism of profinite groups

¢TI 5 W)

such that

e ¢, induces the identity automorphism on Gy,

e ¢, maps the cuspidal inertia subgroups of H(Up,) associated to x’ € {0,1,00} to the cuspidal inertia
subgroups of Hg),) associated to ',
1
e ¢, maps the cuspidal inertia subgroups of H(Up,) associated to A?™ to the cuspidal inertia subgroups

1
of Hgf,) associated to some p™-th root ur™ of u.
R 1 1
Let M (C K) be a finite extension field of K such that A»™, u»™ € M. Write
1
o U" L PLA\{0,1,)77, 00};
def ES
o V"= PLA{0,1, 47", 00}
1 1
Since A?™ # p»" [by our assumption that A\ # ul, it follows, by considering the isomorphism
() ~ 7P
HU// % HV//
induced by ¢,, and applying a similar argument to the argument applied above to A and u, that
I
AT e P

1
This contradicts our choice of A\»™. Thus, we conclude that A = p. This completes the proof of Theorem
3.1. O

Remark 3.1.1. In the notation of Theorem 3.1, suppose that K is a stably p-xp-indivisible field of
characteristic 0 [cf. Remark 1.4.3, (ii)]. Then it follows immediately from [24], Lemma D, that KP* (C
Q?P) is also a stably p-x u-indivisible field of characteristic 0, hence, in particular, a p-divisibly nonreflexive
p-bounded field. Thus, Theorem 3.1 may be regarded as a generalization of [24], Theorem F.
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Corollary 3.2. Let M be a mized characteristic valuation field of residue characteristic p whose value
group is p-reduced and of rank 1; L a stably pp-finite Galois extension of M; ¥ C Primes a subset that
contains p; U, V hyperbolic curves of genus 0 over K;

¢: 1) 3 1l

an isomorphism of profinite groups such that ¢ lies over the identity automorphism on G . Suppose that
K is isomorphic to a subfield of L. Then there exists an isomorphism of K-schemes

u=>v

that induces a bijection between the respective sets of cusps that is compatible with the bijection between
the respective sets of cuspidal inertia groups induced by ¢.

Proof. First, it follows from Lemma 1.8 that K is a stably p-divisibly nonreflexive p-bounded field. Next,
since L is stably pi,-finite, the p-adic cyclotomic character G — Z, is open. Then it follows from [16],
Corollary 2.7, (i), that ¢ induces a bijection between the respective sets of cuspidal inertia groups. On
the other hand, it follows immediately from the definition of the field K that

(Kpe | (e

where K C KT ranges over the finite field extensions. Therefore, by applying Lemmas 1.7, (ii); 1.8, we
observe that KP” is a p-divisibly nonreflexive p-bounded field. Thus, Corollary 3.2 follows immediately
from Theorem 3.1. O

Remark 3.2.1. Note that it follows immediately from the various definitions involved that, in the statement
of Corollary 3.2, one may take K as any subfield of the p-adic completion of the maximal tamely ramified
extension field of a mixed characteristic Henselian discrete valuation field of residue characteristic p. On
the other hand, we recall that any Noetherian local domain is dominated by a discrete valuation ring that
can be embedded into its Henselization. In particular, in the statement of Corollary 3.2, one may take K
as the field of fractions of any mixed characteristic Noetherian local domain of residue characteristic p.

4 Geometrically pro-p Grothendieck Conjecture for hyperbolic curves
of genus 0 over mixed characteristic valuation fields of rank 1 of
residue characteristic p with p-reduced value groups

Let p be a prime number. In the present section, we apply the weak version of the Grothendieck
Conjecture [cf. Theorem 3.1; Corollary 3.2] to prove the geometrically pro-p Grothendieck Conjecture
for hyperbolic curves of genus 0 over subfields of certain mixed characteristic valuation fields [cf. for in-
stance, the p-adic completion of [possibly, infinite] tamely ramified extension fields of mixed characteristic
complete discrete valuation fields of residue characteristic p].

Let K be a field of characteristic 0.

Definition 4.1. Let U be a hyperbolic curve of genus 0 over K such that every cusp of U is K-rational.
Write Out‘c‘(AI(’]) C Out(A})) for the subgroup of outer automorphisms that induce the identity auto-
morphism on the set of the conjugacy classes of cuspidal inertia subgroups of A?;

p:Gx — Out(A})
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for the pro-p outer representation naturally determined by the natural homotopy exact sequence

1—>N’U—>H§}’)—>GK—>1.

Lemma 4.2 ([21], Propositions 2.2.3, 2.2.4). In the notation of Definition 4.1, suppose that the p-adic
cyclotomic character G — Z,, is open. Write

Xp Out|C|(A%) — Z,

for the p-adic cyclotomic character [obtained by considering the natural actions on cuspidal inertia sub-
groups (= Zy) of AY,]. Then the natural composite

Zowelian(m(p)) € Out®(A7) 38 Z;
18 injective.

Proof. Lemma 4.2 follows immediately from [21], Proposition 2.2.3, together with the latter half of the
proof of [21], Proposition 2.2.4. O

Theorem 4.3. Let U, V be hyperbolic curves of genus 0 over K. Write
Isomg (U, V)
for the set of K-isomorphisms between U and V';
Isomg, (Hg)), Hg))/lnn(Az"/)

for the set of continuous group isomorphisms Hg)) = Hg)) that lies over the identity automorphism of G,
considered up to composition with an inner automorphism arising from an element € AI‘J/. Let M be a
mized characteristic valuation field of residue characteristic p whose value group is p-reduced and of rank
1; L a stably ppes-finite Galois extension of M. Suppose that K is isomorphic to a subfield of L. Then

the natural map
Isomg (U, V) — IsomGK(Hg)),Hgf))/Inn(A@)

1s bijective.

Proof. The injectivity portion follows immediately from the structure of abelianization of AY,, together
with the fact that an automorphism of the projective line over K that fixes three points is the identity
automorphism.

Next, we consider the surjectivity portion. By applying Galois descent, we may assume without loss
of generality that every cusp of U and V is K-rational. Let

o € Isomg, (Hé}?) : Hg))/Inn(A{’/)

be an element. Our goal is to prove that o arises from an element € Isomg (U, V') via the natural map.
Then, by applying Corollary 3.2, we may assume without loss of generality that U = V, and ¢ induces
the identity automorphism on the set of the conjugacy classes of cuspidal inertia subgroups of A},. Here,
we note that since AZ is center-free, there exists a natural isomorphism

Autg () /Inn(A]) 5 Zoyan) (Im(p)
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[cf. Definition 4.1]. With respect to this isomorphism ¢ determines an element of Zout/cl( Ap)(Im(p)).
U
Recall from Claim 3.1.A in the proof of Theorem 3.1 that Xp(U|A1£]) = 1, where

Xp - Outll(APy — 7y

denotes the p-adic cyclotomic character. On the other hand, it follows from our assumption that the
[usual] p-adic cyclotomic character Gxg — Z; is open. Thus, we conclude from Lemma 4.2 that o = 1.
This completes the proof of Theorem 4.3. 0

Remark 4.3.1. It appears to the author that Theorem 4.3 suggests that much wider class of p-adic fields
may be considered as base fields of anabelian geometry. On the other hand, at the time of writing of the
present paper, the author does not know

whether or not the analogous result of Theorem 4.3 holds in the case where U and V are
hyperbolic curves of higher genus.

The author hopes to be able to address such an issue in the future paper.

5 Algebraicity of certain set-theoretic bijections between the underly-
ing sets of mixed characteristic valuation fields of rank 1 of residue
characteristic p with p-reduced value groups

Let p be a prime number. In the present section, we prove an elementary lemma concerning the
algebraicity of certain set-theoretic bijections between subsets of the underlying sets of mixed characteristic
valuation fields of rank 1 of residue characteristic p whose value groups are p-reduced, which will be
applied to prove geometrically /arithmetically pro-p absolute Grothendieck Conjecture-type results in the
next section.

Definition 5.1. Let K be a valuation field. Write O for the ring of integers of K; my for the maximal

ideal of Ok;

My def myg U 1+ mg;

rg: Mg = Mg

for the reflection map, i.e., the bijection that maps Mg > x+— 1 —x € Mkg.

Remark 5.1.1. In the notation of Definition 5.1, the subset M C Of is multiplicatively closed, i.e., for
each x,y € M, it holds that zy € M.

Remark 5.1.2. In the notation of Definition 5.1, suppose that the value group of K is p-reduced. Then it
follows immediately from the various definitions involved that
K*P" C Of.

Suppose, moreover, that K is of rank 1, and the residue field of K is of characteristic p. Then it follows
immediately from Lemma 1.7, (ii), that the natural composite map

is injective.
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Next, let KT, K* be mixed characteristic valuation fields of rank 1 of residue characteristic p whose
value groups are p-reduced;

~

(63N MKT — MKI
a set-theoretic bijection satisfying the following conditions:
(1) a(myer) = mys.

(2) For each x,y € M+, there exists an element z € (K¥)*P™ such that
azy) = z-o(z) - ay).
(3) « fits into a commutative diagram of sets
Mgt % Mt

T}(Tll r}(ill

]\4]{1L T> MKi.

In the remainder of the present section [except Corollary 5.10 below], we investigate an algebraicity
of the set-theoretic bijection a.

Lemma 5.2. The following hold:

(i) Let x,y € myi (C Mg+) be elements. Then it holds that
alz+y—wzy) = a(z) +aly) - ax)-a(y).

(i) «(0) =0, and (1) = 1.

Proof. First, we verify assertion (i). Note that it follows immediately from condition (1) that a(1+mg+) =
1+myy. Then it follows immediately from condition (2), together with Remark 5.1.2, that the restriction
of o to 1 + my+ is a multiplicative bijection. In particular, since 1 —x,1 —y € 1 + my+, it holds that

a((l-z)1-y)) = a(l -2)-a(l-y).
On the other hand, it follows from condition (3) that
a(l—z)-a(l—y) = (1 -a(@))(d -aly) = 1-alz)-aly) +a(z) - aly),

and
a((l-2)(1-y) = al-(z+y—ay) = 1l -alx+y—zy).

Thus, by combining these equalities, we conclude that
alz+y—wy) = alz)+aly) —alz) - aly),

as desired. This completes the proof of assertion (i).

Next, we verify assertion (ii). If we take z and y to be 0 in the equality of assertion (i), then
a(0) = a(0)2. Then it follows immediately from condition (1) that a(0) = 0. Thus, we conclude from
condition (3) that a(1) = 1. This completes the proof of assertion (ii), hence of Lemma 5.2. O
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Lemma 5.3. Let x,y € Mg+ be such that vy(y) > vp(z). Then it holds that

vp(a(y)) > vpla(x)).

Proof. Indeed, since v,(y) > vp(7), it holds that 271y € my+ (C Mg+). Then it follows immediately from
condition (2) that there exists an element z € (K¥)*P™ such that

aly) = a(z-a7'y) = z-a(z) alz”y).

Thus, we conclude from Remark 5.1.2 that vy(a(y)) = vp(a(z)) + vp(a(z~1y)), hence that v,(a(y)) >
vp(a(x)) [cf. condition (1)]. This completes the proof of Lemma 5.3. O

Lemma 5.4. Let v € Mg+, y € 1 +mg+ be elements. Then it holds that

a(zy) = afz)- a(y).

Proof. First, suppose that x € 1 + mg+. Then it follows immediately from condition (2), together with
Remark 5.1.2, that a(zy) = a(z) - a(y). Thus, in light of Lemma 5.2, (ii), we may assume without loss of
generality that

WS mKT\{O}.

Next, let w € mg+ be such that v,(w) > vp(z). Then it follows immediately from conditions (2), (3),
that there exists an element z € (K*%)*P™ such that

alr +w—zw) = alr-(1+27w—w))

)-a(l4 27w —w)
)-a(l—z 7w (z—1))

) (1—alz w- (w - 1))).

= z-ax
= z-ax

= z-ax

On the other hand, by applying Lemma 5.2, (i), we have
alz+w—2w) = alx)+ a(w) — o) - a(w).

Thus, by combining the above equalities, we conclude that

(1-2)-a(z) = a@)- alw) —a(w) —z-az) - alz w- (z-1)).

Next, in light of Lemma 5.3, since v,(w) > vp(x), we observe that
vp(a(z) - alzw- (2 -1)) > vla@), vpla(@) a(w) > vplaw) > vpla()).

In particular, it holds that 1 — z € mg;. However, this immediately implies that z = 1 [cf. Remark 5.1.2].
In summary, it follows from the second equality in the second display in the present proof that

alz-(1+zw—w)) = a@) al+z w—w).

Then, by replacing w by m(li_ly) [where we note that vp(xgvl__ly )) > vp(x)], we obtain the equality

r—

a(ry) = a(z)-aly),

as desired. This completes the proof of Lemma 5.4. 0
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Lemma 5.5. Let v € myt, y € 1 + myt be elements. Then it holds that

alz+y—ay) = a@)+ay) — a(x)a(y).

Proof. In light of Lemma 5.4, Lemma 5.5 follows from a similar argument to the argument applied in the
proof of Lemma 5.2, (i). O

Lemma 5.6. Let x € my+, y € 1 +my+ be elements. Then it holds that
a(z+y) = ar)+aly).

Proof. First, since z € mg+, y € 1 + mg+, we observe that  +y,1 — % € 1+ mgi. Then it follows
immediately from Lemma 5.4, together with condition (3), that

alz+y—xy) = a<(:v+y)-<1— ld ))

r+y

= oz($+y)~oz<1— i )

r+vy

oen ()

= alz +y) — a(ry).

Thus, we conclude from Lemmas 5.4, 5.5, that
a(z+y) = al@)+ay).

This completes the proof of Lemma 5.6. O

Lemma 5.7. Let x € my+ be an element. Then it holds that
a(—z) = —a(zx).

Proof. Note that —z € mg+, 1 € 1 + mg+. Then it follows immediately from Lemmas 5.2, (ii); 5.6,
together with condition (3), that 1 — a(z) = a(—z +1) = a(—2z) + (1) = a(—=z) + 1. Thus, we conclude
that a(—x) = —a(x). This completes the proof of Lemma 5.7. O

Proposition 5.8. Let x,y € my+ be elements. Then the following hold:
(1) a(z+y) = alz) + aly).
(i1) a(zy) = a() - aly).
Proof. First, we verify assertion (i). Observe that it follows immediately from Lemmas 5.2, (ii); 5.6, that

l+az+y) = al+z+vy)
= a(z) +a(l+y)
— o)+ 1+ a(y).

Thus, we conclude that a(x + y) = a(x) + a(y). This completes the proof of assertion (i).
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Next, we verify assertion (ii). Note that z,y, —xy € my+. Then it follows immediately from Lemmas
5.2, (i); 5.7, together with assertion (i), that

a(r) +aly) —a(z) -aly) = alz+y—ay)
= a(z) + ay) + a(—zy)
= a(z) + aly) — a(zy).

In particular, it holds that a(xy) = a(x) - a(y). This completes the proof of assertion (ii), hence of
Proposition 5.8. 0

Lemma 5.9. It holds that

a(p) = p.
Proof. Note that p € my+. Then, by applying Proposition 5.8, (i), repeatedly, we observe that a(p?)
p-a(p). On the other hand, it follows from Proposition 5.8, (ii), that a(p?) = a(p)?. Thus, since a(p) #

[cf. Lemma 5.2, (ii)], we conclude that a(p) = p. This completes the proof of Lemma 5.9.

Oo

Corollary 5.10. Let KT, K be mized characteristic Henselian rank 1 valuation fields of residue char-
acteristic p whose value groups are p-reduced. For each x € {{,1}, write K* C (K*)? (C K") for the
maximal pro-p extension. Let

~

0:Ggi = Gpi  (respectively, o : GV = GV, )

be an isomorphism of profinite groups;

o MFT 5 MFI (respectively, a” : Mgty 5 Mgty )

a set-theoretic bijection. Suppose that the following conditions hold:
(1) @ and o (respectively, aP and oP) are compatible with the respective natural actions of G, G
(respectively, G'.., G..) on M, M+ (respectively, Mgiyp, Mgty ).

(2) a(mff) =m_ (respectively, Ep(m(KT)p) = m(Ki)p).

(3) Let KT C LT (C FT) (respectively, KT C LT (C (K')P)) be a finite field extension. Write K+ C
Lt (C ?I) (respectively, K¥ C L} (C (KY)P)) for the finite field extension determined by the open
subgroup o(G i) C Gy (respectively, oP(G',) C G'.;). Then, for each x,y € M+, there exists an
element z € (L¥)*P™ such that

a(xy) = z-a(zx)-a(y) (respectively, a(xy) = z-aP(x)-a(y) ).
(4) @ (respectively, aP) fits into a commutative diagram of sets

MFT T) MFI

Tt l? Tt J{l

MKT *%‘—} Mfi

(respectively,
Mgty —= Mgy

T<K*>Pl2 T(K*)Plz

M(KT)p #} M(Ki)p)
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Then o (respectively, oP ) arises from a [uniquely determined] commutative diagram of fields

K« Kt

o

(respectively,

~

(KT «=— (K%

KT <= Ki)’
where the vertical arrows denote the natural injections.

Proof. Since the proof of the resp’d case is similar to the proof of the non-resp’d case, we verify the

non-resp’d case only. Let z € K be an element; i a positive integer such that p'z € m Write

Bl
B

(x) is independent of the choice of i. Then, by assigning x to 3(z), we obtain a set-theoretic bijection

K
e K. Observe that it follows immediately from Proposition 5.8, (ii); Lemma 5.9, that

defa ix
) < (p'w)

p’L

X
X
3K 3K

that is compatible with o : G+ — G+ and the respective natural actions of G+, Gt on FT, K [cf.
condition (1)]. Thus, in light of conditions (2), (3), (4), we conclude from Proposition 5.8; Lemma 5.9,
together with the construction of §, that 5 is an isomorphism of fields. Finally, since 3 is compatible
with o with respect to the natural actions, we observe that ¢ arises from 3, as desired. This completes

the proof of Corollary 5.10. O

Remark 5.10.1. In light of the automatic algebraicity of certain exotic set-theoretic objects, the algebraic-
ity criterion proved in this section shares a similar spirit with the algebraicity criterion proved in [26], §3,
via the notion of quasi-rational functions.

6 Pro-p absolute Grothendieck Conjecture for hyperbolic curves of
genus 0 over mixed characteristic Henselian discrete valuation fields
of residue characteristic p

Let p be a prime number. In the present section, by applying Corollary 5.10, we prove the geometri-
cally pro-p version of the absolute Grothendieck Conjecture for hyperbolic curves of genus 0 over mixed
characteristic Henselian discrete valuation fields of residue characteristic p under the assumption on the
preservation of the decomposition groups associated to closed points. Note that since we consider arbi-
trary mixed characteristic [possibly, non-complete!] Henselian discrete valuation field, this assumption
may not be dropped in general. Moreover, we also discuss an arithmetically pro-p analogue of these results
under the assumption that the base fields contain a primitive p-th root of unity.

Definition 6.1. Let K be a field of characteristic 0. Then:
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(i) We shall write

ExS gim KOY) A €l e (R); - Xie % PR\0, 1,00},
n>1 n>1

where n ranges over the positive integers.

(ii) We shall write

® . (p
X0 'HXK — HXK
for the AL, -outer automorphism that lies over the identity automorphism of G determined by
XK
the automorphism X —+ Xj over K that maps (0,1, 00) — (1,0, 00).
(ili) Suppose that (, € K. [Thus, we have a natural exact sequence 1 — AL~ — TI% ~ — G — 1 of
profinite groups.] Then we shall write

P TP ~ TP
rXK.HXK—>HXK

for the A’)’(K—outer automorphism that lies over the identity automorphism of G%. determined by
the automorphism Xx — Xx over K that maps (0,1, 00) ~ (1,0, c0).
(iv) We shall write
(p-ab)
Iy .

for the quotient of Hg@( by the kernel of the natural surjection A% —— (A% ).

(v) Suppose that ¢, € K. Then we shall write
-ab
1S

for the quotient of H&K by the kernel of the natural surjection A&K — (A%K)ab.

Proposition 6.2. Let KT, Kt be mized characteristic Henselian discrete valuation fields of residue char-
acteristic p. Then the following hold:
(i) Let
@~ )
f ’ HXKT - HXKi

be an isomorphism of profinite groups. Then f induces a bijection between the respective sets of
cuspidal inertia subgroups. In particular, this bijection induces a bijection

fe:{0,1,00} = {0,1,00}.
Suppose that f. is the identity automorphism. Then it holds that

OfoOT(p)

(p)
r
X _)(KJr ’

Kt

where we regard the both sides of the equality as A& i—outer 1somorphisms.
K
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(ii) Suppose that (, € KT, and (, € K*. Let

D . TTP ~ P
f ‘HXKT - HXKI

be an isomorphism of profinite groups. Then fP induces a bijection between the respective sets of
cuspidal inertia subgroups. In particular, this bijection induces a bijection

f2:{0,1,00} = {0,1,00}.
Suppose that f£ is the identity automorphism. Then it holds that
P P _— fP P
Tx g o= oy
where we regard the both sides of the equality as A% i—outer 1somorphisms.
K

Proof. First, we observe that it follows from [11], Corollary 4.6 (respectively, [25], Theorem A, (ii)) that
f (respectively, fP) induces an isomorphism G i — Gy (respectively, G’}(T = Gi{i) via the natural
)

surjections Hg’g . = Gkt and ngf))i — Gt (respectively, IT5 L G%.. and IT% .~ G".;). Then since
K K K K

the p-adic cyclotomic character associated to a mixed characteristic discrete valuation field of residue
characteristic p is open, the respective assertions concerning the preservations of cuspidal inertia subgroups
follow immediately from [16], Corollary 2.7, (i). Next, write

f

L0 ) o o r®) o f (vespectively, o7 %

g = (TXK ° TXKi (T&KT)_l © (fp)_l © T;;)(Ki o fP).

Then it holds that g (respectively, ¢¥) is a A% -outer automorphism of ngg) (respectively, IT% )
Kt Kt Kt

that lies over the identity automorphism of G+ (respectively, G%f). Moreover, since f. (respectively,

f%) is the identity automorphism, it holds that g (respectively, ¢gP) induces the identity automorphism

on the set of conjugacy classes of cuspidal inertia subgroups of HSI())T (respectively, IT% T). Thus, we
K K

conclude from Theorem 4.3 that g (respectively, g) is the identity Ak T—outer automorphism, hence that
K

(p) _ (p) : p _ P p : - :
X, © f=1fo Xt (respectively, X,y © fP=fPo TXKf) as AXKi—outer isomorphisms. This completes
the proof of Proposition 6.2. O

Definition 6.3. Let H, G be profinite groups; ¢ : H - G a continuous surjective homomorphism. Then
we shall write

Sect(H — Q)

for the set of equivalence classes of sections of ¢, where we consider two such sections to be equivalent if
they differ by composition with an inner automorphism induced by an element of Ker(¢).

Proposition 6.4. Let K be a mized characteristic valuation field of rank 1 of residue characteristic p
whose value group is p-reduced. Write Mg def myg Ul+mg [ef. Definition 5.1]. Then the following hold:

(i) The natural composite map
s: Mg \{0,1} € K\{0,1} = Xg(K) — Sect(Hg?;b) - Gg)
18 injective.

29



(i1) Suppose that ¢, € K. Then the natural composite map
s: Mr\{0,1} € K\{0,1} = Xg(K) — Sect(IE™> — G%)
18 injective.

Proof. To verify assertion (i), by replacing K by a finite extension field of K [cf. Lemma 1.7, (i)], we may
assume without loss of generality that ¢, € K. Thus, to verify assertion (i), it suffices to verify assertion
(ii).

Next, we verify assertion (ii). Write

~

h:K\{0,1} = Xg(K) — Sect(I5* — G%) — H'(G% Ax) & K*

for the natural composite map, where the second arrow denotes the natural map induced by the natural

open immersion X — P}\{0, 00} over K and the splitting of the surjection Hﬁ}{ \{000} G"- determined

by a cuspidal inertia subgroup of A@( associated to the cusp 1; the third arrow denotes the Kummer
K

map. It follows from Proposition 2.5 that the map h coincides with the natural map K \ {0,1} — K*.
Let 2,y € Mg be such that s(x) = s(y). Then it holds that

h(z) = h(y), h(l—z) = h(l-y).
In particular, there exist s,t € K*P” such that
y = sz, 1l—y =1t-(1—x).

If x € 1 + mg, then since Mg > y = sz, it follows from Remark 5.1.2 that s = 1, hence that x = y. If
x € my, then since Mg > 1 —y = t(1 — x), it follows from Remark 5.1.2 that ¢t = 1, hence that z = y.
This completes the proof of assertion (ii), hence of Proposition 6.4. O

Lemma 6.5. Let ! be a prime number # p; K a Henselian discrete valuation field of residue characteristic
p. Then the l-th power map on 1 + mg is an isomorphism.

Proof. In the case where K is complete, the assertion follows immediately from the fact that 1 + mg
admits the natural structure of a Z,-module. On the other hand, since K is Henselian, it holds that K is
separably closed in the completion of K. Thus, the general Henselian case follows immediately from the
complete case. This completes the proof of Lemma 6.5. ]

Proposition 6.6. Let KT, Kt be Henselian discrete valuation fields of residue characteristic p;
o (KN J(KN)P™ 5 (K /(K™

an isomorphism of groups. For each x € {t,1}, we regard 1 +mg~ as a subgroup of (K*)* /(K*)*P” [cf.
Remark 5.1.2]. Then the following hold:

(i) o1+ myer) C OF /(KH)P~.

(ii) Suppose that the residue fields of Kt and K* are perfect. Then G(O%/(KT)XPOO) = O[X(I/(Ki)Xpoo.
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Proof. Note that, for each prime number [, it holds that Z admits no nontrivial [-divisible elements. Then
assertion (i) follows immediately from Lemma 6.5. Next, we verify assertion (ii). In light of assertion (i),
it suffices to verify that, for each * € {t, 1}, there exists no nontrivial homomorphism Oy, /(14+mg+) — Z.
On the other hand, since the residue field is perfect, it holds that O. /(1 + mg~) is p-divisible. This
implies our conclusion, as desired. This completes the proof of assertion (ii), hence of Proposition 6.6. [

Lemma 6.7. Let K be a mized characteristic Henselian valuation field of rank 1 of residue characteristic
p; ™ € K an element such that vy(m) = ﬁ; e K. Write
def
F6) - -ntp e K,
where t denotes an indeterminate. Then the following hold:

(i) Suppose that vy(\) > 2. Then there exists a unique root N € K of the equation f(t) — X =0 such
that v,(\) > 0.

(ii) Suppose that vy(X\) = 0. Then, for each root N € K of the equation f(t) — X = 0, it holds that
vp(N) < 0.
Proof. Write f(t) = Elgigp a;t', where a; € K. Then, for each positive integer i < p, it holds that

p

a; = (1)1 (p)’/Ti. In particular, since v,(7) = ﬁ, and vp((i)) =1 for each positive integer i < p — 1,

i
one may observe that:

e vy(a1) = vplap) = Z%'
e For each positive integer 7 < p, it holds that p%l < vp(a;) < 2.

Thus, in light of respective assumptions on A, assertions (i), (ii) follow immediately from the well-known
property of the Newton polygon associated to the polynomial f(¢)—A. This completes the proof of Lemma
6.7. O

Proposition 6.8. The following hold:

(i) In the notation of Proposition 6.2, (i), write
o: Gt = Gy
for the isomorphism of profinite groups induced by f [cf. the proof of Proposition 6.2, (i)];

(p-ab) . 7r(p-ab) ~ (p-ab)
f 'HXKT — HXKi

for the isomorphism induced by f. Suppose that one of the following conditions holds:

(a) [ induces a bijection between the respective sets of the decomposition subgroups associated to
the closed points of hyperbolic curves X+ and Xg+.

(b) The residue fields of KT and K* are perfect, and f®2) induces a bijection between the respective
sets of the decomposition subgroups associated to the closed points of hyperbolic curves X g+ and
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Then o arises from a [uniquely determined] commutative diagram of fields
=, ~ 3
K +—— K
KT &~ Ki,

where the vertical arrows denote the natural injections.

(ii) In the notation and assumption of Proposition 6.2, (ii), write

p . P ™~ p
o .G’KT — GKt

for the isomorphism of profinite groups induced by fP [cf. the proof of Proposition 6.2, (ii)];

p-ab . Hp—ab :> Hp—ab
f ) XKT XKi

for the isomorphism induced by fP. Suppose that one of the following conditions holds:

(a) fP induces a bijection between the respective sets of the decomposition subgroups associated to
the closed points of hyperbolic curves Xy and Xgt.

(b) The residue fields of KT and K* are perfect, and fP2* induces a bijection between the respective
sets of the decomposition subgroups associated to the closed points of hyperbolic curves X g+ and
XKi .

Then oP arises from a [uniquely determined] commutative diagram of fields
(KT)p PR (Ki)p
where the vertical arrows denote the natural injections.

Proof. Since the proof of assertion (ii) is similar to the proof of assertion (i), we verify assertion (i) only.
In light of Corollary 5.10, it suffices to verify that there exists a set-theoretic bijection

(o7 MFT — Mfi

that satisfies conditions (1), (2), (3), (4), that appear in Corollary 5.10.
Let Kt C LT (C XT) be a finite field extension; x € M \ {0,1}; Dy C Hgg_aTb) a decomposition
K
subgroup associated to x € Mt \ {0,1} € LT\ {0,1} = X+(L"). Write K* C L* (C Fi) for the
finite field extension determined by the open subgroup o(Gri) C Ggi. For each x € {f,1}, write
F* C Sect(Hg?'Lib) — G +) for the subset of decomposition subgroups associated to the points € X« (L*).
Then it follows immediately from our assumption [i.e., conditions (a), (b)] that f induces a commutative
diagram
Ff—— Sect(IY*" —» Gri) —— HY(Gpi,Agi) «+—— LI
L

L L i 5

1 (p-ab) 1 ~
Fr— Sect(HXLfp = Gry) —— H (G, Agy) «—— L+,
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where the left-hand horizontal arrows denote the natural injections; the middle horizontal arrows denote
the natural maps [cf. the first display in the proof of Proposition 6.4]; the right-hand horizontal arrows de-
note the Kummer maps. Note that the commutativity of the above diagram implies that the isomorphism

—~X ., =X
Lt = L* [that appears in the above commutative diagram] induces an isomorphism

~

¢ (L1 /(L™ S (L /(L.
Recall that, in the case where condition (a) (respectively, condition (b)) holds, it follows from Proposition

6.6, (i) (respectively, Proposition 6.6, (ii)), that ¢(1+myi) C O, /(L*)*P™ (respectively, ¢(O, /(LT)*P™) =
Of/ (L¥)*P™). Next, we verify the following assertion:

Claim 6.8.A: f(P2b)(D_) C Hg?af) is a decomposition subgroup associated to a unique element
K
€ M;+\ {0,1} € L*\ {0,1} = X+ (L¥). Moreover, if z € myt, then y € m+.

Indeed, the uniqueness portion follows immediately from Proposition 6.4, (i). Next, let y € L\ {0,1} be

such that f2b)(D,) C Hg?af) is a decomposition subgroup associated to y. Then since ¢(1 + m;:) C
K

Ozi/(Li)Xpoo, it follows immediately from Proposition 6.2, (i), that

Yy € OLj: \ {O, ].}
Moreover, in light of Proposition 6.2, (i), we may assume without loss of generality that
T € Myt

In particular, since y € Ops \ {0, 1}, it suffices to verify that y ¢ OF,. In the case where condition (b)
holds, since ¢(O /(LT)*P™) = O, /(L*)*P™, it follows immediately from the various definitions involved
that y & OF,.

Next, we consider the case where condition (a) holds. Suppose that y € C’)Zi. Then observe that f
maps a decomposition subgroup associated to x to a decomposition subgroup associated to a unit. Then,

by replacing x, y by a suitable power of z, a unit, respectively, we may assume without loss of generality
that

e vy(z) > 2, and
e f maps a decomposition subgroup associated to x to a decomposition subgroup associated to y.

Moreover, by replacing LT by a finite extension field of LT, if necessary, we may assume without loss of
generality that ¢, € L', and Gp € L*. In the remainder, we shall use t for the standard coordinate of the
projective line. For each x € {f,1} and each positive integer i < p — 1, write

] 1 ; 1
¢i* :]P)L* 2 Yi* — XL* g PL*

for the [connected] finite étale cyclic covering over L* of hyperbolic curves of genus 0 determined by the
assignment A
t= 1=(1—=(1-=g)t)P.

Then since vy(z) > 2, vp(y) = 0, and vy(1 — () = p%l,

field of L', by applying Lemma 6.7, (i), (ii), we observe that:

after possibly replacing L' by a finite extension

e For each * € {{,1}, it holds that 1% .(0) = ¢¢.(1) = 0, and ¥ . (c0) = oo.

e There exists an element 2’ € (4% ;)" (x) C Y/, (L') C LT such that vp(z’) > 0.
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o Let y' € (¢,)7!(y) C Y}, (L*) C L* be an element. Then it holds that v,(y’) < 0.

On the other hand, we note that zbf;* may be characterized [up to isomorphisms of coverings| as the finite
étale cyclic covering over Lt of degree p such that

e ;. is unramified over 0, and

e ¢, is totally ramified over 1, co.

Then, by replacing f by the composite of f with the inner automorphism of Hg?)i determined by an
K

element € A%, | if necessary, we observe that there exists a positive integer j < p—1 such that f induces

an isomorphism of profinite groups
fy 1?3 )

J
YLT YLI

such that:

(¥1) fy maps a cuspidal inertia subgroup associated to ¢ € {0,1,00} to a cuspidal inertia subgroup
associated to c.

(*2) fy maps a decomposition subgroup associated to € m;+ to a decomposition subgroup associated to
€L\ O;:.

Moreover, in light of (1), it follows immediately from Theorem 4.3 that fy fits into a commutative
diagram of profinite groups
o® _—~ ., q®
YLIT fr Yzi

| |

(p) ~ (p)
IT, T) HXLI

Lt ’

where the vertical arrows denote the [geometrically outer| surjections induced by the natural open im-
mersions YLlT — X1, YL]]t > Xri. Thus, we conclude from (x3) that f maps a decomposition subgroup
associated to € mys to a decomposition subgroup associated to € L*\ O ;. This contradicts the first
display of the present proof of Claim 6.8.A. Thus, we conclude that y ¢ OZI' This completes the proof
of Claim 6.8.A.

Finally, by assigning = to the unique element in Claim 6.8.A, we obtain a bijection

aL:MLT — MLia

where «,(0) def 0; ar(l) def Moreover, it follows immediately from the various definitions involved

that:

(1) az, and the isomorphism Gal(L'/KT) = Gal(L*/K*) induced by o are compatible with the respec-
tive natural actions of Gal(LT/KT), Gal(L*/K*) on M+, My;.

(2) aL(mLT) =myz [Cf. Claim 68A]

(3) For each x,y € M+, there exists an element z € (L¥)*P™ such that ay(zy) = 2 - ar(z) - ar(y) [cf.
the existence of ¢].
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(4) ar fits into a commutative diagram
ar,

TLTlZ TLilZ

My ——— My,
ar
[cf. Proposition 6.4, (i)].

Thus, by varying L, we obtain a set-theoretic bijection @ : MFT = MFI that satisfies conditions (1),
(2), (3), (4), that appear in Corollary 5.10, as desired. This completes the proof of Proposition 6.8. [J

Next, we recall a well-known fact concerning automorphisms of “anabelian” profinite groups.

Lemma 6.9. Let G be a slim profinite group [i.e., a profinite group such that every open subgroup is
center-freef; o € Aut(QG). Suppose that o induces the identity automorphism on a nontrivial normal open
subgroup N C G. Then o is the identity automorphism.

Proof. Note that since G is slim, it follows immediately from the various definitions involved that the
natural homomorphism G — Aut(NN) obtained by taking conjugates is injective. On the other hand,
since o induces the identity automorphism on N, we observe that ¢ induces the identity automorphism
on Aut(N) compatible with the injection G — Aut(N). Thus, we conclude that o is the identity
automorphism. This completes the proof of Lemma 6.9. O

Definition 6.10. Let GG1, G2 be profinite groups. Then we shall write
Isom(G1,G2)/Inn(G2)

for the set of isomorphisms G| =+ Gg of profinite groups, considered up to composition with an inner
automorphism arising from an element € Gs.

Theorem 6.11. Let KT, K be mized characteristic Henselian discrete valuation fields of residue char-
acteristic p; UT, U hyperbolic curves of genus 0 over KT, K*, respectively. Write

Isom(UT, U%)
for the set of isomorphisms of schemes between U and U*. Then the following hold:

(i) Write

IsomD(H( H(p 2 )/Inn(I1 p)) C Isom(H(p

Ut» U* UT? )/Inn<H§jpfﬁ))

for the subset of outer isomorphisms that induce bijections between the respective sets of conjugacy
classes of decomposition subgroups associated to the closed points of the hyperbolic curves Ut and
Ut. Then the natural map

Isom(UT, UY) — IsomD(H(UT,H(p))/Inn( ))
is bijective.

(ii) Suppose that, for each * € {1,1}, it holds that:
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® (p € K*.
o The cusps of U* are (K*)P-rational.

Write

Isom®” (I17

i 17 ) /Inn (117 .)€ Tsom(TIY

Ut HZI )/IDU(HZI)

for the subset of outer isomorphisms that induce bijections between the respective sets of conjugacy
classes of decomposition subgroups associated to the closed points of the hyperbolic curves Ut and
U*t. Then the natural map

Isom(UT, U%) — TIsom” (11

b 1) /Tnn(TI7 4 )

is bijective.

Proof. First, we verify assertion (i). Note that any isomorphism of schemes between UT and U* necessarily
lies over an isomorphism of fields between KT and K*. [Indeed, this follows immediately by considering
subgroups of the groups of units I'(UT, Of), (U t O};;) whose unions with {0} are closed under addition.]
Then, in light of [10], Theorem, (4), the injectivity follows immediately from Theorem 4.3. Next, we verify
the surjectivity. It follows immediately from the various definitions involved that we may assume without
loss of generality that

Tsom” (I1%), 11%)) /Inn(11%)) # 0.

Let f € IsomD(H(p)

UT,ngg)/Inn(Hg?); f: Hg’g = Hg? a lifting of f. Then f induces an isomorphism

U:GKT :> GKi

of profinite groups [cf. [11], Corollary 4.6]. Therefore, since the p-adic cyclotomic character associated
to a mixed characteristic discrete valuation field of residue characteristic p is open, it follows from [16],
Corollary 2.7, (i), that f induces a bijection between the respective sets of cuspidal inertia subgroups of

H(UpT), Hg?g. On the other hand, recall that G+ is slim [cf. [11], Theorem C]. Then, to verify that f arises
from an isomorphism UT 5 U? of schemes, in light of Lemma 6.9, by replacing K, K* by suitable finite
extension fields of KT, K%, respectively, we may assume without loss of generality that, for each * € {t,1},
the cusps of U* are K*-rational. Next, observe that, in light of Theorem 4.3, to verify that f arises from
an isomorphism U 5 U? of schemes, it suffices to verify that o arises from a commutative diagram of
fields

K &

[

Kt >~ Ki7

where the vertical arrows denote the natural injections. In particular, since f preserves cuspidal inertia
subgroups, we may assume without loss of generality that UT = X+, and Ut = X 4. However, under

this assumption, since f € Isom” (Hg’?,ﬂé@ )/ Inn(Hg’g ), the field-theoreticity of o follows immediately
from Proposition 6.8, (i), as desired. This completes the proof of assertion (i).

Finally, in light of our assumptions in assertion (ii), together with [10], Lemma 1.4; [25], Theorem
A, (ii); Proposition 6.8, (ii), one may observe that assertion (ii) follows from a similar argument to the

argument applied in the proof assertion (i). This completes the proof of Theorem 6.11. O

Remark 6.11.1.
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(i) It is natural to ask whether or not the geometrically pro-¥ [where ¥ is a set of prime numbers
that contains p] or the higher genus analogue of Theorem 6.11, (i), holds. On the other hand, by
applying Galois descent, one may observe that the geometrically pro-3 analogue of Theorem 6.11,
(i) follows from the higher genus analogue of Theorem 6.11, (i). In particular, we can restrict our
attention to pro-p settings for the future development.

(ii) With regard to the geometrically pro-3 [where p € X] analogue of Theorem 6.11, (i), suppose that
the cardinality of X is of > 2, and the base fields are p-adic local fields. Then one may prove a much
stronger result, i.e., the geometrically pro-Y absolute version of the Grothendieck Conjecture for
arbitrary hyperbolic curves [cf. [20], Theorem D]. On the other hand, in the proof of [20], Theorem
D, the assumption on the cardinality of ¥ may be applied both

e in establishing RNS [i.e., “Resolution of Nonsingularities”] for hyperbolic curves over p-adic
local fields, and

e in reconstructing the underlying topological spaces of the Berkovich analytifications of hyper-
bolic curves over p-adic local fields.

At the time of writing of the present paper, the author has no clue to establish geometrically pro-p
analogues of the statements in the above bullets. Moreover, we note that the reconstruction of
topological Berkovich spaces requires combinatorial anabelian geometry that does not work well for
geometrically pro-p fundamental groups over fields of characteristic p. Therefore, it appears to the
author that we need a drastically new idea to verify the preservation of decomposition subgroups
in the geometrically pro-p setting even if the base fields are p-adic local fields.

(iii) Note that the operation of forming the completion of Henselian valuation fields does not change
its absolute Galois group. In particular, for each algebraic variety Z over a Henselian valuation
field M, the natural projection morphism Z73; — Z induces an isomorphism II 7 5 10y, where M

denotes the completion of M. On the other hand, the cardinalities of M and M are different in
general. Therefore, in Theorem 6.11, (i), one may not drop the assumption on the preservation of
the decomposition subgroups associated to closed points.

(iv) In the notation of Theorem 6.11, (i), suppose that the residue fields of KT and K* are perfect.
Then, in light of Proposition 6.8, (i), one may weaken the assumption on the preservation of the
decomposition subgroups as the preservation of the decomposition subgroups in the level of the
geometrically abelianized setting.

Finally, let KT, K* be p-adic local fields. Then we observe that any isomorphism Hg?) . = Hgg) ,
K K

induces a bijection between the respective sets of decomposition subgroups in the level of the multiplicative
group scheme Gyy,.

Proposition 6.12. In the notation of Definition 6.1, the following hold:

(i) Let 0 : Gyt = Gy be an isomorphism; g : At — Ayt an isomorphism compatible with o and the
respective natural actions of G, Gy on Mg, Agr. Write

—~X ~ ~ —X
Ok - Kt 5 HI(GKT,AKT) — HI(GKi,AKI) ~ Kt

for the natural composite, where the first and final arrows denote the Kummer maps; the second
arrow denotes the natural isomorphism determined by o and g;

/\TX ~ ab \p ™~ ab \p /\ix
O'C:K _>(GKT) —)(GKi) +— K

37



(i)

for the natural composite, where the first and final arrows denote the reciprocity maps; the second
arrow denotes the natural isomorphism determined by o. Then there exists a unique element l5 4 €
Zy such that

Oc = a,l.f’g.
Suppose that (, € KT, Let o? : G];{T = Gl[)ﬁ be an isomorphism; gP : At = Ayt an isomorphism

compatible with oP and the respective natural actions of G%T, Gii on Npt, Aps. Write

—~ X ~ X
o Kt 5 HYGP Ayt) & K#

P Ngt) = HY(GY

K

for the natural composite, where the first and final arrows denote the Kummer maps; the second
arrow denotes the natural isomorphism determined by oP and gP;

—~ X ~ Y~ =X
op Kt = (GI;(f)ab - (Gz;ﬁ)ab — Ki
for the natural composite, where the first and final arrows denote the reciprocity maps; the second
arrow denotes the natural isomorphism determined by oP. Then there exists a unique element

lov gv € Z, such that

ot = (of)"or.

Proof. Assertions (i), (ii) follow immediately from local Tate duality [cf. [22], Theorem 7.2.6; [22], Propo-
sition 7.5.8]. This completes the proof of Proposition 6.12. O

Proposition 6.13. The following hold:

(1)

(i)

In the notation of Propositions 6.2, (i); 6.12, (i), suppose that
[ GKT :> GKi

is the isomorphism induced by f via the natural surjections Hg?)T — Gt and Hg]g)i — Gt [cf.
K K
[17], Theorem 2.6, (v)], and
g: AKT :> AKi

is the isomorphism determined by the isomorphisms of cuspidal inertia subgroups induced by f.
[Note that g is compatible with o and the respective natural actions of Gy, Gt on A, Ags.]

Then it holds that
lo,g = 1.

In particular, since o, induces a bijection between the images of the multiplicative groups of p-adic
local fields K'Y, K% [c¢f. e.g., [15], Proposition 1.2.1, (iii)], one concludes that o, also induces a
bijection between the images of the multiplicative groups of p-adic local fields KT, K*.

In the notation of Propositions 6.2, (ii); 6.12, (ii), suppose that
oP . GI;(T — GI;G

is the isomorphism induced by fP wvia the natural surjections HZ))(KT —» G][D(T and H&Ki —» Gi{i [cf.

[25], Theorem A, (ii)], and
gp . AKT :> AKI
s the isomorphism determined by the isomorphisms of cuspidal inertia subgroups induced by fP.

[Note that gP is compatible with oP and the respective natural actions of Gz;ﬁ, G];(i on Mgty Mg/

Suppose, moreover, that oP preserves inertia subgroups and Frobenius liftings. Then it holds that

lgp,gp =1.
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Proof. First, we verify assertion (i). By replacing K, K* by respective finite extension fields of KT, K¥,
we may assume without loss of generality that ¢, € K t. and GpeK t. Write

UT — X t C ]P)l for the connected finite étale covering of X 1 of degree p determined
Kt \= % kgt K
by t — (1— t)p .

2)
(
( D) Ut = Xy (C P}(i) for the connected finite étale covering of X+ of degree p determined
by t — (1 —1t)P.

Let I; C A% . be a cuspidal inertia subgroup associated to the cusp 1. Note that the open subgroup
K
A?ﬂ - A%KT determined by the covering UT — X+ may be characterized as the unique open subgroup

of index p such that I; C A7 ;. The open subgroup A7, C A% determined by the covering U P X
K
admits a similar characterization. Thus, since f is compatlble with these characterizations, we conclude

(»)

that, after possibly replacing f by the composite of f with the inner automorphism of IIy,” ~determined
K

by some element € AR L5 We obtain an isomorphism of profinite groups
K

fo 1?5 0®)

such that

e fy induces the isomorphism o : Gt — G+ via the natural surjections Hg? — G+ and Hg)x) —
GK—'F’

(p)

e fy maps the cuspidal inertia subgroups of 1L} associated to * € {0,1, 00} to the cuspidal inertia

D)

subgroups of Hgﬂ associated to .

Write qT H( ) —» H( ) (respectively, qi : Hg? —» Hgl(’i{i) for the A&KT—outer (respectively, A%Ki—outer)
surjection that lies over the identity automorphism of G+ (respectively, G+) determined by the natural
open immersion UT < Xyt over KT (respectively, U* < X over K¥). Then it follows immediately
from [12], Theorem A, that the following diagram

commutes. Let Iy ¢, C A]ZT be a cuspidal inertia subgroup associated to 1 — (,. Then there exists a

positive integer ¢ < p — 1 such that f(I1_¢,) C A]Zi is a cuspidal inertia subgroup associated to 1 — Cf,.

Observe that the image of the normalizer NH(,,T) (I1—¢,) (respectively, V. H(p> (f(I1-¢,))) via q" (respectively,
U

(p)

¢%) is a decomposition subgroup of II X1 (respectively, Hg?) i) associated to 1 — (, (respectively, 1 — C;))
K

Thus, f maps the decomposition subgroups associated to 1 — ¢, to decomposition subgroups associated
to 1 — (,. In particular, it follows immediately from the various definitions involved that

on(l=()=1-¢.

On the other hand, it follows immediately from [15], Proposition 1.2.1, (iii), (iv), that there exists an
element u € O, such that

oc(1—=G) =u-(1—().
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Then since o¢ = o [cf. Proposition 6.12, (i)], it holds that

w-(1-G) = (1—G)on e KT .

Thus, since vp(u - (1 — () = vp(1 — C;), we conclude that [, , = 1. This completes the proof of assertion
(1).

Finally, in light of our assumptions on o, assertion (ii) follows from a similar argument to the argument
applied in the proof of assertion (i). This completes the proof of Proposition 6.13. O

Remark 6.13.1. In light of Remark 6.11.1, (iv), together with Proposition 6.13, (i), if the base fields are
p-adic local fields, then it would be interesting to pursue the difference between the assumption on the
preservation of the decomposition subgroups in the level of the geometrically abelianized setting and the
automatic preservation of the decomposition subgroups in the level of Gy,.

7 Pro-p absolute Grothendieck Conjecture for configuration spaces
over mixed characteristic Henselian discrete valuation fields of residue
characteristic p

Let p be a prime number. In this section, by applying Theorem 6.11, together with combinatorial
anabelian geometry, we prove a geometrically pro-p absolute Grothendieck Conjecture-type result for
higher dimensional configuration spaces associated to hyperbolic curves over Henselian discrete valuation
fields of residue characteristic p. In the case where the base fields are generalized sub-p-adic fields that
admit Henselian discrete valuations, from the viewpoint of the dimensions of configuration spaces, this
result generalizes Higashiyama’s geometrically pro-p semi-absolute Grothendieck Conjecture-type result
[cf. [4], Theorem 0.1] that depends on the use of the Gz-symmetry of the second configuration space
associated to the projective line minus three points.

Definition 7.1. Let n, g, r be positive integers; k a field; X a hyperbolic curve over k of type (g,7), i.e,
the genus of X is g, and the degree of the divisor of cusps is r.

(i) Let m be a nonnegative integer. Observe that, by considering the permutations on the first » marked
points of pointed stable curves of type (g, 7+m), we obtain natural actions of the symmetric group &,
on the [log] algebraic stacks Mg ;4m, ﬂlgoﬂ% -

normal crossing divisor My ;+m \ My rtm € Mg rim.] Then we shall write M (r]+m (respectively,

[The log structure on M, 4y, is determined by the

M‘g‘fﬁ] +m) for the algebraic stack (respectively, log algebraic stack) obtained by forming the quotient
——log

of Mg ,im (respectively, M\ ) via the natural action of &;.

(ii) Note that the hyperbolic curve X determines a classifying morphism Spec k — M ;) (C ﬂlg?igﬂ).
Then we shall write
Xn

for the pull-back of the natural morphism Mg (14, — My, [obtained by forgetting the final n
marked points] via the classifying morphism Spec & — M, ;). Equivalently, X, denotes the open
subscheme of the product of n copies of X whose complement consists of various diagonals. We
shall refer to X,, as the n-th configuration space associated to X.
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(iii) We shall write
Xlog

n

for the pull-back of the natural morphism /\/lg (r4n — ﬂlo[gr] [obtained by forgetting the final n

marked points] via the classifying morphism Spec k& — MlOﬁ],

Xy

for the underlying scheme of Yl?g. We shall refer to Y}fg as the n-th log configuration space associated

to X. Here, we note that the interior of the log scheme Yi?g coincides with X,,. Moreover, in the
case where the characteristic of & is 0, it follows from log purity theorem [cf. [13], Theorem B] that

the natural morphism X,, — Yl,?g induces an isomorphism ITy, ~ Hiog of [log étale] fundamental
groups. "

Definition 7.2. Let ¥ be a nonempty set of prime numbers.

(i) Let n be a positive integer; X a hyperbolic curve over a field of characteristic 0. Then we shall write

Dx

n

ﬂog) associated to the closed points of X,.

for the set of decomposition subgroups of Hg(zn) (= )

(ii) Let n', nt be positive integers; X T, Xt hyperbolic curves over fields of characteristic 0. Then we
shall write

IsomD(Hﬁ?T7 )/Inn(H(Z)i) (C Isom(H(ET) ,H(E )/Inn( g?i)
for the set of outer isomorphisms Hg? = H(E) of profinite groups that induce bijections Dy =
t ni m
D P of sets.

nf

Definition 7.3. Let k be a field of characteristic 0; ¥ a nonempty set of prime numbers. Then we
shall say that (XRGCy) [i.e., “pro-X Relative Grothendieck Conjecture” over k] holds if for each pair of
hyperbolic curves X, X¥ over k, the natural map

Tsomy, (X T, XF) — Isome, (1137, 113)) /Inn(A%,)

is bijective.

Proposition 7.4. Let n', nt be positive integers; ¥ a set of prime numbers whose cardinality is equal to
1 if © C Primes; k a field of characteristic 0 such that (SRGCy) holds; X, X* hyperbolic curves over k.
Suppose that the l-adic cyclotomic character Gy — le is open for some prime number [ € X. Then the
natural map
b

tsomy (X1, X71,) — Tsomg, (11 *)+ , ) /In (A%, X, )
1s bijective.
Proof. First, it follows immediately from [8], Theorem A, (i), (ii), together with our assumption that
(XRGCy) holds, that:
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e We may assume without loss of generality that

nd:efnT:niZQ, X ¢ xt = xt,

e Let o : Hg?n) = Hg(zn) be an automorphism that induces the identity automorphism on the set of
(%)

generalized fiber subgroups and on II” via the natural surjections Hg?n) —» Hg?) that arise from the
projection morphisms. Then it suffices to verify that o is an inner automorphism determined by an
element € A)E(n.

Moreover, to verify the statement in the second bullet, by induction on n, we may assume without loss of
generality that ¢ induces the identity automorphism on Hg( )7 via the natural surjections H(En) —» H( )
that arise from the projection morphisms X,, — X,,_1. Let x € X,,_1 be a closed point. Write k, for
the residue field of X,,_1 at z; U C X}, for the open subscheme that arises as the fiber of the projection
morphism X,, = X,,_1 at z; p, : Gy, — Out(Ag) for the natural outer representation. Then o determines
a commutative diagram of profinite groups

where the right-hand vertical arrow denotes the automorphism induced by the restriction o| AT of o to

AL. Note that the field extension k C k, is finite. Therefore, it follows from [16], Corollary 2.7, (i),
together with our assumption on the cyclotomic character associated to k, that o] AZ induces a bijection

on the set of cuspidal inertia subgroups of A%. Then, by applying [9], Theorem B, we observe that o
induces an inner automorphism on A_?{n. Thus, we conclude from the center-freeness of A_?(n [cf. [19],
Proposition 2.2, (ii)] that o is an inner automorphism determined by an element € A_?{n. This completes
the proof of Proposition 7.4. O

Remark 7.4.1. Let n be a positive integer; X a set of prime numbers whose cardinality is equal to 1 if
Y C Primes; k a field of characteristic 0 such that (XRGC}) holds; X a hyperbolic curve over k. Then
the natural map

X (k) — Sect(11) — Gy)

[cf. Definition 6.3] is injective. Indeed, by considering the projections, we may assume without loss of
generality that n = 1. In this case, the desired injectivity follows from a similar argument to the argument
applied in the proof of [12], Theorem C.

Theorem 7.5. Let p be a prime number; n', n* positive integers; ¥ a set of prime numbers either {p} or
Primes; Kt, Kt mized characteristic Henselian discrete valuation fields of residue characteristic p such
that (CRGCg+) and (SRGCyg:) hold; X1, X+ hyperbolic curves over K1, K*, respectively. Write (g, rT)
for the type of XT. Suppose that

nt>2 ifgt>1,andrt >1,
nt >3 difrf=0.

Then the natural map

Isom(XlT, Xii) — IsomD(HgT)T7H§(E¢)i)/ Inn(TI ;Ei)i)

1s bijective.
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Proof. First, in light of [23], Lemma 4.2, together with [10], Theorem, (4); the injectivity portion of
Proposition 7.4, the injectivity of the natural map follows from a similar argument to the argument
applied in the proof of Theorem 6.11, (i).

Next, we verify the surjectivity of the natural map. Let

o: H(ET) =5 H(Zi)
XnT Xni

be an isomorphism of profinite groups that induces a bijection D 5D t - Then it follows immediately

from [11], Corollary 4.6, that o induces isomorphisms

oa A% AL, oca: G = Gia

nt ni
of profinite groups. To verify the surjectivity, it follows from the surjectivity portion of Proposition 7.4
that it suffices to verify that oqa) arises from an isomorphism K+ = KT of fields. In particular, we may

assume without loss of generality that
%= {p}

Observe that n % nf = nt, and oa induces a bijection between the respective sets of generalized fiber
subgroups [cf. [8], Theorem A, (i), (ii)]. In particular, it follows immediately from Theorem 6.11, (i),
together with the assumption on n' in the statement, we may assume without loss of generality that:

e It holds that g" > 1, and n = 2 (respectively, n = 3) in the case where X1 is affine (respectively,
proper).
e The isomorphism ¢ and the respective first projection morphisms determine an isomorphism

() ~ &)

o1 HXT X1

that lies over oga. Moreover, the isomorphism o induces a bijection Dy 5D Xt

On the other hand, since G+ is slim [cf. [11], Theorem C], in light of Lemma 6.9, by replacing K by a
finite extension field of KT, we may assume without loss of generality that

XT(K') # 0, and the cusps of XT are K'-rational points.

Let 2t € XT(K') be a point; 2t € X¥(K?) a [uniquely determined — cf. Remark 7.4.1] point such that
01(Dyt) = Dy, where D(_y denotes a decomposition group associated to a point (—). In particular, in
the case where X1 is proper, the isomorphism o induces an isomorphism

¥

()
(XT\{z1})2

(=)

II (XH\(24))s

:) H;Eg) an’r) Dmt :> H%) XH(}(EJ;) Dxi (1 1I
that lies over oqay. Therefore, by replacing X1, X* by XT\ {27}, X\ {a*}, respectively, we may assume
without loss of generality that X and Xt are affine curves [so n = 2] whose genus is of > 1 [cf. [8],
Theorem A, (i)]. Next, let ¢f € XT\ XT(K1) be a cusp. Write ¢f € Xt \ X¥(K¥) for the cusp such that
01(D.t) = Dg. For each x € {f,1}, write G* for the semi-graph of anabelioids of PSC-type associated
to the geometric fiber of the first projection morphism (X3)8 — (X*)°8 at ¢*: Ilg« for the pro-%
fundamental group of G*. In particular, the isomorphism ¢ determines an isomorphism

out out

O'f:HgT X DCT ;Hgi b ch;

that lies over the isomorphism D = D,;. Here, we note that the p-adic cyclotomic characters associated
to KT and K* are open. Then it follows from [16], Corollary 2.7, (i), that the isomorphism IIg; = Ilg:
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[determined by o] induces a bijection between the respective sets of cuspidal inertia subgroups. Thus,
we conclude from [9], Theorem A, (iii), that the isomorphism Ilg; = Ilg is graphic. Therefore, since the
genera of XT and X% are of > 1, we observe that oy induces an isomorphism

)

1I — II
P}{i \{0,1,00}

Pl {0,100}

that lies over oGa. Moreover, since o induces a bijection D 5 D+, we also observe that this isomor-
2

x3
phism induces a bijection between the respective sets of decomposition subgroups associated to closed
points. Thus, we conclude from Theorem 6.11, (i), that og, arises from an isomorphism K PS5 KT of

fields. This completes the proof of the surjectivity, hence of Theorem 7.5. O

Remark 7.5.1. Note that the key point of the proof of Theorem 7.5 is to construct the pro-p fundamental
groups of tripods in the pro-p fundamental group of configuration spaces. On the other hand, in the proof
of [4], one needs to construct the pro-p fundamental groups of the second configuration spaces associated
to tripods. In particular, in light of the combinatorial complexity, our situation is much easier to handle.
This is the reason why our proof is shorter.

Remark 7.5.2. Recall that if K is a generalized sub-p-adic field, then (XRGCg) holds [cf. [14], Theorem
4.12]. In particular, one may apply Theorem 7.5 in the case where KT and K* are unramified [algebraic]
extension fields of p-adic local fields or their completions. With regard to a further development on
the relative Grothendieck Conjecture-type results [that is related to the assumption in the statement of
Theorem 7.5], there is an ongoing joint work with Y. Hoshi, S. Mochizuki, and Go Yamashita.

Remark 7.5.3. By applying a similar argument to the argument applied in the proof of Theorem 7.5,
together with [25], Theorem A, (ii), one may also obtain an arithmetically pro-p Grothendieck Conjecture-
type result as in [4], Theorem 0.1. We leave the routine details to the interested reader.
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